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Abstract
In the present paper, by using equivariant maps, we construct explicitly relative invariants of the 2-
simple prehomogeneous vector spaces of type I, which are classified in [T. Kimura, S. Kasai, M. Inuzuka,
O. Yasukura, A classification of 2-simple prehomogeneous vector spaces of type I, J. Algebra 114 (1988)
369–400]. This is a continuation of our previous work [T. Kogiso, G. Miyabe, M. Kobayashi, T. Kimura,
Non-regular 2-simple prehomogeneous vector spaces of type I and their relative invariants, J. Algebra 251
(2002) 27–69; T. Kogiso, G. Miyabe, M. Kobayashi, T. Kimura, Relative invariants of some 2-simple pre-
homogeneous vector spaces, Math. Comp. 72 (2003) 865–889].
© 2006 Elsevier Inc. All rights reserved.
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0. Introduction
The purpose of the present paper is to construct explicitly relative invariants of the 2-simple
prehomogeneous vector spaces of type I, which are classified in [KKIY].
In the theory of prehomogeneous vector spaces, it is one of the fundamental problems to find
explicit constructions of relative invariants. In the case of irreducible prehomogeneous vector
spaces, several constructions were given by using various devices such as Young diagrams [K1],
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446 T. Kimura et al. / Journal of Algebra 308 (2007) 445–483the theory of Lie algebras [R,G2], contraction [G1], and equivariant maps [AFK,Kb,O]. In com-
parison with these results, only a few systematic studies have been made on relative invariants of
non-irreducible prehomogeneous vector spaces (cf. [K2,Sa1,U]).
In [K2], we constructed the relative invariants of the non-irreducible prehomogeneous vector
spaces whose groups G are of the form G = GLl1 × G1, where G1 is a simple algebraic group
and GLl1 acts on each irreducible component as a scalar multiplication. Then it was rather easy
to find polynomials that are invariant under the action of G1, since the representations which
appear in this case are not so complicated. However, if the group G has two simple factors G1
and G2, then we need to find polynomials that are invariant under both the action of G1 and that
of G2. In general, this is more difficult.
It is worth mentioning that the method of Young diagrams is effective in some cases (cf.
[JN,K1]). However, even if we succeed in specifying the shape of the Young diagrams which
are “ingredients” of relative invariants, it is a different matter to construct the corresponding
representations in the polynomial rings. On the other hand, just writing down all the terms of a
relative invariant would not explain the basis of the relative invariance.
To overcome the difficulty, we use the method of equivariant maps and quotients. If
ψ :V → W is an equivariant map that induces an isomorphism C[W ] ∼= C[V ]G1 , then the
relative invariants of (GL1 × G1 × G2,V ) can be constructed by pulling back the relative
invariants of (GL1 × G2,W) via ψ . In [O], Ochiai constructed equivariant maps related to
two complicated irreducible prehomogeneous vector spaces (GL1 × SL5 × SL3,Alt⊕35 ) and
(GL1 × Spin10 × SL3,V⊕3e ) (see Propositions 6.8 and 7.2). His calculation makes the struc-
ture of the relative invariance quite visible. However, in general, it is not easy to find equivariant
maps suitable for construction of relative invariants. In the present paper, we try to construct such
equivariant maps as simply as possible by using Pfaffians, spinor invariants, and so on. Moreover,
we present an elementary method of constructing quotients of non-irreducible prehomogeneous
vector spaces from those of irreducible prehomogeneous vector spaces (see Theorem 1.13).
As an application of our method, we explicitly construct relative invariants of the regular
2-simple prehomogeneous vector spaces of type I, which are classified in [KKIY], except for
two cases. Since the other cases have been treated in [KMKK1,KMKK2], this completes a list
of explicit constructions of relative invariants of the 2-simple prehomogeneous vector spaces of
type I.
Our construction depends on case-by-case consideration and is not unified. However, it is eas-
ily tractable and fits well to calculate the value at a given point; better than monomial expressions
such as those given in [G1,U]. In particular, some of our results have already been used in [SS,
Sg2,Wa] for the calculations of b-functions.
The plan of the present paper is as follows: In Section 1, we first review some basic facts
on relative invariants of prehomogeneous vector spaces, and second the quotient method is dis-
cussed. In Section 2, we give the list of reduced regular 2-simple prehomogeneous vector spaces
of type I. From Section 3, we start to construct relative invariants. The prehomogeneous vec-
tor spaces related to (SOn,Λ1) are treated in Section 3, and those related to (Spn,Λ1) are in
Section 4. The main ingredient in these two sections is the quotient method. In Section 5, using
equivariant maps, we construct the relative invariants of the spaces related to SL4 and Sp2. The
cases related to (SL5,Λ2) and (Spin10, a half-spin representation) are treated in Sections 6 and 7,
respectively. Finally, in Section 8, we discuss the remaining cases.
In this paper, we give two corrections to erroneous results in [KKIY] and [K2] (see Proposi-
tion 2.4 for the correction [KKIY], and see Lemma 4.2 for the correction [K2]).
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As usual, C stands for the field of complex numbers. For positive integers m,n, we denote
by Mm,n the totality of m× n complex matrices. If m= n, we write simply Mn instead of Mn,n.
To avoid a complicated expression such as Mm2,m2−n, we sometimes write M(m,n) instead of
Mm,n (see, e.g., Proposition 1.16). We denote by Im the identity matrix of size m. We denote
by tA the transposed matrix of a matrix A. The totality of symmetric matrices (respectively
alternating matrices) will be written as Symn = {X ∈ Mn | X = tX} (respectively Altn = {X ∈
Mn | tX = −X}).
We denote by GLn (respectively SLn,On,SOn,Spinn) the general linear group
{X ∈ Mn | detX = 0} (respectively the special linear group {X ∈ Mn|detX = 1}, the orthog-
onal group {X ∈ GLn | tXX = In}, the special orthogonal group On ∩ SLn, the spin group).
Further we denote by Spn the symplectic group {X ∈ GL2n | tXJnX = Jn} where Jn =
( O In
−In O
)
.
For the exceptional simple group of rank 2, we denote by (G2) instead of G2 to distinguish from
the second group in Gi (i = 1, . . . , k). To avoid a complicated expression such as GL(m2−n), we
sometimes write GL(n) instead of GLn (see, e.g., Proposition 1.16). We write Affn or Aff(n) in-
stead of Cn. We write the ith unit vector in Affn as e(n)i = t (0, . . . ,0,1,0, . . . ,0) for i = 1, . . . , n.
We denote by Λ1 the standard representation of GLn on Affn. More generally, Λk (k =
1, . . . , r) denotes the kth fundamental irreducible representation of a simple algebraic group
of rank r . In general, we denote by ρ∗ the dual representation of a rational representation ρ.
1. Relative invariants
In this section, first we review some basic facts about prehomogeneous vector spaces and
their relative invariants. For details, see [K3, §2] or [SK, §4]. Then we give some propositions
which will be used later for explicit constructions of relative invariants. Throughout this paper,
all groups and representations, etc., are defined over the complex number field C.
Let ρ :G → GL(V ) be a rational representation of a connected algebraic group G on a
finite-dimensional vector space V . A triplet (G,ρ,V ) is called a prehomogeneous vector space
(abbrevated PV) if there exists a Zariski-dense G-orbit ρ(G)vo (vo ∈ V ). When there is no con-
fusion, we write (G,ρ) instead of (G,ρ,V ).
Any point vo of the Zariski-dense G-orbit is called a generic point and the isotropy subgroup
Gvo = {g ∈ G | ρ(g)vo = vo} at a generic point vo is called a generic isotropy subgroup. In this
case, its complement S = V \ρ(G)vo is Zariski-closed and called the singular set of this PV. Let
Si = {v ∈ V | Pi(v) = 0} (i = 1, . . . ,N) be its irreducible components of codimension 1 where
each Pi(v) is an irreducible polynomial.
A non-zero rational function P(v) on V is called a relative invariant of (G,ρ,V ) if there
exists a rational character χ :G → GL1 satisfying P(ρ(g)v) = χ(g)P (v) for any g ∈ G and
v ∈ V \ S. We simply express this fact by P ↔ χ .
A relative invariant corresponding to the identity character is called an absolute invariant. It
is constant on the Zariski-dense G-orbit and hence it is constant on V . From this, we see that
relative invariants are uniquely determined up to constant multiples by their characters.
Since G is connected, each Pi(v) (i = 1, . . . ,N) is a relative invariant and any relative invari-
ant P(v) can be written uniquely as P(v) = cP1(v)m1 · · ·PN(v)mN (c ∈ C×, m1, . . . ,mN ∈ Z).
In this paper, we consider relative invariants up to constant multiple.
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FRI(G,ρ,V )= {P1(v), . . . ,PN(v)}. The number N is called the rank of (G,ρ,V ) and we write
rank(G,ρ,V ) = N . If G is reductive and S = {v ∈ V | P1(v) · · ·PN(v) = 0}, then (G,ρ,V ) is
called a reductive regular PV.
For (Gi, ρi,Vi) (i = 1, . . . , k), we define their direct sum by ⊕ki=1(Gi, ρi,Vi)= (G1 ×· · ·×
Gk,ρ,V1 ⊕ · · · ⊕ Vk) where ρ = (ρ1 ⊗ 1 ⊗ · · · ⊗ 1)⊕ · · · ⊕ (1 ⊗ · · · ⊗ 1 ⊗ ρk).
The following proposition is fundamental although it is obvious.
Proposition 1.2. Assume that (Gi, ρi,Vi) is a PV for i = 1, . . . , k. Then their direct sum is also
a PV, and we have FRI
⊕k
i=1(Gi, ρi,Vi) =
⊔k
i=1 FRI(Gi, ρi,Vi) where
⊔
denotes the disjoint
union.
Thus to construct relative invariants of the direct sum of PVs, it is enough to construct those
of each component.
Notation 1.3.
(1) Let (G,ρ,V ) and (G′, ρ′,V ′) be two triplets with V ′ = V . Assume that there exists a ho-
momorphism σ :G → G′ satisfying ρ′ ◦ σ = ρ. In this case, we have (GL(V ) ⊃) ρ′(G′) ⊃
ρ′(σ (G)) = ρ(G). Hence if (G,ρ,V ) is a PV, then (G′, ρ′,V ) is also a PV. In the above
situation, we write (G,ρ,V ) ⊂ (G′, ρ′,V ) if (G,ρ,V ) is a PV and rank(G,ρ,V ) =
rank(G′, ρ′,V ).
(2) If (G,ρ1 ⊕ ρ2,V1 ⊕ V2) is a PV, then (G,ρi,Vi) is also a PV, and FRI(G,ρi,Vi) ⊂
FRI(G,ρ1 ⊕ ρ2,V1 ⊕ V2) (i = 1,2). In this case, we write (G,ρi,Vi)  (G,ρ1 ⊕ ρ2,
V1 ⊕ V2).
Proposition 1.4. Assume that (G,ρ,V ) ⊂ (G′, ρ′,V ) with σ :G → G′. If P(v) is a relative
invariant of (G′, ρ′,V ) corresponding to a character χ ′, then it is also a relative invariant
of (G,ρ,V ) corresponding to the character χ = χ ′ ◦ σ . Moreover, we have FRI(G,ρ,V ) =
FRI(G′, ρ′,V ).
Proof. We have P(ρ(g)v) = P(ρ′(σ (g))v) = χ ′(σ (g))P (v) = χ(g)P (v) for g ∈ G. Since
(G,ρ,V ) ⊂ (G′, ρ′,V ) implies rank(G,ρ,V ) = rank(G′, ρ′,V ) by definition, we have
FRI(G,ρ,V )= FRI(G′, ρ′,V ). 
Remark 1.5. Let ρi :G → GL(Vi) (i = 1, . . . , l) be an irreducible representation of a reductive
algebraic group G. Let H = [G,G] be the commutator subgroup of G, which is a semisimple
algebraic group. Let ρ˜ be the composition of the scalar multiplications GLl1 on each irreducible
component Vi (i = 1, . . . , l) and the restriction ρ of ρ1 ⊕ · · · ⊕ ρl to H . One sees easily that
if (G,ρ1 ⊕ · · · ⊕ ρl,V1 ⊕ · · · ⊕ Vl) is a PV, then (GLl1 × H, ρ˜,V1 ⊕ · · · ⊕ Vl) is also a PV
with the same relative invariants. For simplicity, we often write (GLl1 ×H,ρ,V1 ⊕ · · · ⊕ Vl) or
(H,ρ,V1 ⊕ · · · ⊕ Vl)′ instead of (GLl1 ×H, ρ˜,V1 ⊕ · · · ⊕ Vl).
Proposition 1.6. Let (GLl1 × H,ρ,V1 ⊕ · · · ⊕ Vl) be a PV where ρ is a representation of a
semisimple algebraic group H . If the image p(G′) of its generic isotropy subgroup G′ by the
first projection p : GLl × H → GLl is isomorphic to GLr1, then we have rank(GLl × H,ρ,1 1 1
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exists if and only if αm11 · · ·αmll |p(G′) = 1.
Moreover, if a polynomial P(v) is a relative invariant corresponding to the character χ(g)=
α
m1
j1
· · ·αmkjk (g = (α1, · · · , αl,A) ∈ GLl1 ×H), then P(v) is a relative invariant on Vj1 ⊕· · ·⊕Vjk
and we have degP(v)= (m1 + · · · +mk).
Proof. The former part is obtained from [SK, Proposition 19 in §4]. The latter part is obvi-
ous. 
Example 1.7. We use the notation in (1) of Notation 1.3 and Remark 1.5. Let χ : Spin7 → SO7 =
Spin7/{±1} and Λ : Spin7 → SO8 be the vector representation and the spin representation of
Spin7, respectively. By using these homomorphisms, we will see later that
(Spin7 × SL2, χ ⊗Λ1 + 1 ⊗Λ1 +Λ⊗ 1)′ ⊂ (SO7 × SL2,Λ1 ⊗Λ1 + 1 ⊗Λ1)′ ⊕ (SO8,Λ1)′.
Therefore, by Propositions 1.2 and 1.4, to know the relative invariants of the former PV, it is
enough to know those of the latter 2 PVs.
Now we shall recall the notion of quotients of PVs.
Definition 1.8. Let H,G be connected algebraic groups and ρ :H × G → GL(V ), ρ :G →
GL(W) rational representations. We assume that H has no non-trivial rational character. This
is the case when H is semisimple. Moreover, we assume that (H ×G,ρ,V ) and (G,ρ,W) are
PVs, and that there exists a surjective polynomial map ψ :V → W satisfying ψ(ρ(h,g)v) =
ρ(g)(ψ(v)) for all h ∈ H,g ∈ G,v ∈ V . Let πG :H × G → G be the second projection. When
the condition
πG
(
(H ×G)v
)=Gψ(v) (v ∈ V \ S) (1.1)
holds, we call (G,ρ,W) the quotient of (H ×G,ρ,V ) with ψ .
Here we have modified Ochiai’s definition [O, Definition 2.1]. He requires that the ring ho-
momorphism ψ∗ :C[W ] → C[V ]H , which is induced by ψ , is an isomorphism. Ochiai proved
that the condition (1.1) is a sufficient condition for this isomorphism (cf. [O, Theorem 2.2]).
His proof uses the theory of PVs. On the other hand, in Proposition 1.10, we give another proof
of this fact, which does not depend on the reductivity and the regularity of (H × G,ρ,V ) and
(G,ρ,W).
First we recall the following lemma due to J. Igusa.
Lemma 1.9. (J. Igusa) Assume that an algebraic group H acts on an irreducible affine vari-
ety X, and that Y is a normal irreducible affine variety. Moreover, we assume that there exists a
morphism π :X → Y such that
(1) π(hx)= π(x) (h ∈H, x ∈X).
(2) codim(Y \ π(X)0) 2, where π(X)0 is the interior of the image π(X) of π .
(3) For any point y of some non-empty open subset Y0 ⊂ Y , the fiber π−1(y) contains a dense
orbit.
Then π∗ :C[Y ] → C[X]H is an isomorphism.
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Proposition 1.10. Assume that (G,ρ,W) is the quotient of (H × G,ρ,V ) with ψ . Then
ψ∗ :C[W ] → C[V ]H is an isomorphism.
Proof. We regard H,V,W and ψ as H,X,Y and π of Lemma 1.9. By definition of ψ , the condi-
tion (1) of Lemma 1.9 is satisfied. Moreover, since ψ is surjective, the condition (2) of Lemma 1.9
is satisfied. It follows from [K3, Proposition 7.6] that for a generic point w of (G,ρ,W), the fiber
ψ−1(w) contains a dense (H ×G)w-orbit, where (H ×G)w is the isotropy subgroup of H ×G
at w. Since H does not act on W , we have (H × G)w = H × Gw . Let v be a generic point
of ψ−1(w). Then the assumption (1.1) implies that (H ×G)w = H × πG((H ×G)v). We note
that an element g ∈ G belongs to πG((H × G)v) if and only if there exists h ∈ H such that
ρ(h,g)v = v. Hence the dense (H × G)w-orbit in ψ−1(w) is a single H -orbit. Therefore, the
condition (3) of Lemma 1.9 is satisfied, and this completes the proof of the proposition. 
Theorem 1.11. Assume that (G,ρ,W) is the quotient of (H × G,ρ,V ) with ψ , and
FRI(G,ρ,W) = {P 1, . . . ,PN }. Then we have FRI(H × G,ρ,V ) = {P1, . . . ,PN } where
Pi(v) = P i(ψ(v)) (i = 1, . . . ,N ; v ∈ V ). In particular, we have rank(H × G,ρ,V ) =
rank(G,ρ,W).
Proof. Since ψ :V → W is surjective, Pi(v) (i = 1, . . . ,N) is not identically zero. If Pi(v) =
Pi1(v)Pi2(v), then Pi1(v),Pi2(v) are H -invariant, since H is connected. By Proposition 1.10,
ψ :V → W induces an isomorphism ψ∗ :C[W ] ∼=−→ C[V ]H . Hence there exist P ij (v) ∈ C[W ]
satisfying Pij (v) = P ij (ψ(v)) (j = 1,2). Since any w ∈ W can be written as w = ψ(v), we
have P i(w) = P i1(w)P i2(w). This contradicts the irreducibility of P i(w). Hence Pi(v) is a
relatively invariant irreducible polynomial. Since H has no non-trivial rational character and
πG((H × G)v) = Gψ(v), we have rank(H × G,ρ,V ) = rank(G,ρ,W) in view of Proposi-
tion 1.6. Thus we have FRI(H ×G,ρ,V )= {P1, . . . ,PN }. 
Example 1.12. For K = tK ∈ GLm, let SO(m,K) = {A ∈ SLm | tAKA = K} be the special
orthogonal group with respect to K . Although it is always isomorphic to SOm = SO(m, Im) =
L · SO(m,K) · L−1 (K = tLL) over C, we construct relative invariants for SO(m,K) to clarify
the structure.
For m > n, (GL1 × SLn,2Λ1,Symn) is the quotient of (GL1 × SO(m,K) × SLn,Λ1 ⊗ Λ1,
Mm,n) with ψ :Mm,n → Symn defined by ψ(X) = tXKX, which satisfies ψ(αAXtB) =
α2Bψ(X)tB for (α,A,B) ∈ GL1 × SO(m,K) × SLn and X ∈ Mm,n. This is a typical exam-
ple of quotients and well known (see, e.g., [We]). Now let Bn be the group of invertible upper
triangular matrices of size n. Then, in the same way as [O, Proposition 2.4], we can prove
that (Bn,2Λ1,Symn) is the quotient of (SO(m,K) × Bn,Λ1 ⊗ Λ1,Mm,n) with the same map
ψ :Mm,n → Symn.
Theorem 1.13. Let (G1, ρ1,W) be the quotient of (H ×G1, ρ1,V1) with ψ1, and σ :G1 ×G2 →
GL(V2) any representation such that
(
H ×G1 ×G2, (ρ1 ⊗ 1G2)+ (1H ⊗ σ),V1 ⊕ V2
) (1.2)
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G1 ×G2, (ρ1 ⊗ 1)+ σ,W ⊕ V2
) (1.3)
is the quotient of (1.2) with Ψ , and hence we have rank(1.2)= rank(1.3).
Proof. Let (v1, v2) be a generic point of (1.2). By assumption, we have πG1((H × G1)v1) =
(G1)ψ1(v1), and hence we have πG1×G2((H × G1 × G2)(v1,v2)) = (πG1(H × G1)v1 × G2)v2 =
((G1)ψ(v1) ×G2)v2 = (G1 ×G2)Ψ (v1,v2). Thus (1.3) is the quotient of (1.2) with Ψ . The remain-
ing part is obtained by Theorem 1.11. 
Example 1.14. We take Example 1.12 as (H × G1, ρ1,V1) and (G1, ρ1,W). By taking
G2 = GL1, σ =Λ1 ⊗Λ1, V2 = Affn, we see that(
GL21 × SLn,2Λ1 ⊕Λ1,Symn ⊕Affn
) (1.4)
is the quotient of
(
GL21 × SO(m,K)× SLn,Λ1 ⊗Λ1 + 1 ⊗Λ1,Mm,n ⊕ Affn
)
. (1.5)
Finally we give castling transformations in a more general form than those given in [SK].
Lemma 1.15. Assume that m> n 1 and let N = (m
n
)
be the binomial coefficient. Define a map
ϕ :Mm,n → AffN by ϕ(Y ) = (Y (i1, . . . , in)) where Y(i1, . . . , in) are n× n minor determinants.
Also define ϕ∗ :Mm,m−n → AffN similarly in such a way that
t ϕ(Y )ϕ∗(Z)= det(Y |Z) (1.6)
holds. Then we have ϕ(AY tB) = Λn(A)ϕ(Y ) and ϕ∗(tA−1ZtC) = Λn(A)ϕ∗(Z) for A ∈
SLm,B ∈ SLn,C ∈ SLm−n and Y ∈Mm,n,Z ∈Mm,m−n where Λn denotes the fundamental irre-
ducible representation of SLm of degN .
Proof. Clearly ϕ(AY tB)=Λn(A)ϕ(Y ) holds. Since
t ϕ
(
AY tB
)
ϕ∗
(
AZtC
)= detA(Y |Z)( tB O
O tC
)
= det(Y |Z),
we have ϕ∗(AZtC)= t (Λn(A))−1ϕ∗(Z). Hence we obtain our result. 
Proposition 1.16. Assume that m2 > n 1. Then the following assertions are equivalent.
(1) (G× GLn, ρ1 ⊗ 1 + ρ2 ⊗Λ1,Aff(m1)⊕M(m2, n)) is a PV.
(2) (G× GL(m2 − n),ρ1 ⊗ 1 + ρ∗2 ⊗Λ1,Aff(m1)⊕M(m2,m2 − n)) is a PV.
Moreover, for any relative invariant P(x,Y ) of (1) with (x,Y ) ∈ Aff(m1) ⊕ M(m2, n), there
exists a rational function F(x, y) on Aff(m1) ⊕ AffN with N =
(
m2
)
satisfying P(x,Y ) =
n
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ative invariant of (2). This gives a bijective correspondence between relative invariants of (1)
and (2).
Proof. (1) holds if and only if (H × GLn, ρ2|H ⊗ Λ1,M(m2, n)) is a PV where H is the con-
nected component of a generic isotropy subgroup of (G,ρ1,Affm1). Then by [SK, Proposition 7
in §2], it is so if and only if (H × GL(m2 − n),ρ∗2 |H ⊗ Λ1,M(m2,m2 − n)) is a PV which is
equivalent to (2). The existence of F(x, y) is obtained from the first main theorem for SLn (see
[We, p. 45]). The remaining part is obvious by Lemma 1.15. 
Definition 1.17. (1) and (2) in Proposition 1.16 are called castling transforms of each other.
We say that two triplets (G,ρ,V ) and (G′, ρ′,V ′) are castling equivalent when one is obtained
from the other by a finite number of castling transformations. A prehomogeneous vector space
with the least dimension in its castling equivalence class is called reduced. These definitions
are generalizations of [SK, §2] to the non-irreducible case. By Proposition 1.16, it is enough to
investigate the relative invariants of reduced PVs.
Example 1.18. The 2-simple PV (GL31 ×SL4 ×SL4,Λ2 ⊗Λ1 +Λ1 ⊗1+1⊗Λ1) is not reduced
and it is castling equivalent to (GL31 × SL4 × SL3,Λ2 ⊗ Λ1 + Λ1 ⊗ 1 + 1 ⊗ Λ1), which is a
reduced PV.
2. Reduced 2-simple PVs of type I
Definition 2.1. Two triplets (G,ρ,V ) and (G′, ρ′,V ′) are called isomorphic if there exist a
rational isomorphism σ :ρ(G) → ρ′(G′) and an isomorphism τ :V → V ′, both defined over
C such that σ(ρ(g))(τ (v)) = τ(ρ(g)(v)) for any g ∈ G and v ∈ V . In this case, we write
(G,ρ,V )∼= (G′, ρ′,V ′).
Example 2.2. We have the following isomorphisms of triplets.
(1) (SL2,2Λ1,Sym2)∼= (SO3,Λ1,Aff3).
(2) (SL2 × SL2,Λ1 ⊗Λ1,M2)∼= (SO4,Λ1,Aff4).
(3) (Sp2,Λ2,Alt′4)∼= (SO5,Λ1,Aff5) (see Lemma 5.2).
(4) (SL4,Λ2,Alt4)∼= (SO6,Λ1,Aff6) (see Lemma 5.1).
(5) (Spinn,χ,Affn)∼= (SOn,Λ1,Affn) where χ denotes the vector representation of Spinn.
(6) (Spin2n,Λe,Ve) ∼= (Spin2n,Λo,Vo) where Λe (respectively Λo) denotes the even half-spin
(respectively odd half-spin) representation of Spin2n on a 2n−1-dimensional vector space Ve
(respectively Vo). Hence we can write this as (Spin2n,Λ′) where Λ′ denotes a half-spin
representation of Spin2n. Moreover, if n= 4, then we have
(Spin8,Λe,Ve)∼= (Spin8,Λo,Vo)∼=
(
Spin8, χ,Aff8
)∼= (SO8,Λ1,Aff8).
Note that the restrictions of Λe and Λo to the subgroup Spin2n−1 of Spin2n become equiva-
lent and are called the spin representation of Spin2n−1. In this paper, we denote it by Λ.
(7) If ρ is an irreducible representation, we have (G,ρ,V )∼= (G,ρ∗,V ∗).
(8) (SLn,Λ1 +Λ1,Affn ⊕Affn)∼= (SLn,Λ∗1 +Λ∗1,Affn ⊕Affn). However we have (SLn,Λ1 +
Λ1,Affn ⊕Affn)  (SLn,Λ1 +Λ∗,Affn ⊕Affn) for n 3.1
T. Kimura et al. / Journal of Algebra 308 (2007) 445–483 453Note that Λ∗1 = Λ1 for SL2 (= Sp1 = Spin3),SOn and Spn. Also we have Λ2 = Λ∗1 for SL3.
Also note that (8) shows that we might have (G,ρ1 ⊕ρ2,V1 ⊕V2)  (G′, ρ′1 ⊕ρ′2,V ′1 ⊕V ′2) even
if we have (G,ρi,Vi)∼= (G′, ρ′i , V ′i ) (i = 1,2).
Definition 2.3.
(1) For any representation ρ :H → GLm of any group H and for any natural number n satisfying
nm, a triplet (H × GLn, ρ ⊗Λ1,Mm,n) is always a PV, which is called a trivial PV.
(2) We call a PV (GLl1 ×H,ρ,V1 ⊕ · · · ⊕ Vl) a 2-simple PV if H =H1 ×H2 and
ρ = ρ1 ⊗ ρ′1 + · · · + ρr ⊗ ρ′r + (σ1 + · · · + σs)⊗ 1 + 1 ⊗ (τ1 + · · · + τt ),
where r+s+ t = l with r  1 and ρ1, . . . , ρr , σ1, . . . , σs (respectively ρ′1, . . . , ρ′r , τ1, . . . , τt )
are non-trivial irreducible representations of a simple algebraic group H1 (respectively H2).
A 2-simple PV is called of type I (respectively of type II ) if at least one of (GL1 × H1 ×
H2, ρi ⊗ ρ′i , Vi) is not castling equivalent to a trivial PV (respectively if all (GL1 × H1 ×
H2, ρi ⊗ ρ′i , Vi) (i = 1, . . . , r) are castling equivalent to trivial PVs).
Proposition 2.4. [KKIY] The reduced non-irreducible regular 2-simple PVs of type I are given
as follows. Here we denote by H the generic isotropy subgroup and H ∼ H1 implies that H
is locally isomorphic to H1. Moreover, we denote by N the rank of the PV. For the notations
χ,Λ,Λ′, see Example 2.2.
(1)
(
GL21 × SL4 × SL2,Λ2 ⊗Λ1 +Λ1 ⊗Λ1
)
, H ∼ {1}, N = 2.
(2)
(
GL31 × SL4 × SL2,Λ2 ⊗Λ1 + (Λ1 +Λ1)⊗ 1
)
, H ∼ GL1, N = 2.
(3)
(
GL21 × SL4 × SL3,Λ2 ⊗Λ1 +Λ1 ⊗ 1
)
, H ∼ SO3, N = 2.
(4a)
(
GL31 × SL4 × SL3,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ1
)
, H ∼ SO2, N = 2.
(4b)
(
GL31 × SL4 × SL3,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ∗1
)
, H ∼ SO2, N = 2.
(5)
(
GL31 × SL4 × SL4,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ∗1
)
, H ∼ SO2, N = 3.
(6a)
(
GL31 × SL5 × SL2,Λ2 ⊗Λ1 +
(
Λ∗1 +Λ1
)⊗ 1), H ∼ {1}, N = 3.
(6b)
(
GL31 × SL5 × SL2,Λ2 ⊗Λ1 +
(
Λ∗1 +Λ∗1
)⊗ 1), H ∼ {1}, N = 3.
(7a)
(
GL21 × SL5 × SL3,Λ2 ⊗Λ1 + 1 ⊗Λ1
)
, H ∼ SO2, N = 2.
(7b)
(
GL21 × SL5 × SL3,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ SO2, N = 2.
(8)
(
GL21 × SL5 × SL8,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ SO2, N = 2.
(9)
(
GL21 × SL5 × SL9,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ GL1 × SL2 × SL2, N = 1.
(10a)
(
GL31 × Spm × SL2l ,Λ1 ⊗Λ1 + 1 ⊗ (Λ1 +Λ1)
) (1
2
(m+ 1) > l  1
)
,
H ∼ GL1 × Spm−l × Spl−1, N = 2.
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(
GL31 × Spm × SL2l ,Λ1 ⊗Λ1 + 1 ⊗
(
Λ1 +Λ∗1
))
(m > l  1),
H ∼ GL1 × Spm−l × Spl−1, N = 2.
(10c)
(
GL31 × Spm × SL2l ,Λ1 ⊗Λ1 + 1 ⊗
(
Λ∗1 +Λ∗1
))
(m > l  1),
H ∼ GL1 × Spm−l × Spl−1, N = 2.
(11)
(
GL21 × Spm × SL2,Λ1 ⊗Λ1 + 1 ⊗ 2Λ1
)
(m > 1),
H ∼ Spm−1 × SO2, N = 2.
(12)
(
GL21 × Spm × SL2,Λ1 ⊗Λ1 + 1 ⊗ 3Λ1
)
(m > 1), H ∼ Spm−1, N = 2.
(13)
(
GL31 × Spm × SL2,Λ1 ⊗Λ1 + 1 ⊗ (2Λ1 +Λ1)
)
(m > 1),
H ∼ Spm−1, N = 3.
(13′)
(
GL41 × Spm × SL2,Λ1 ⊗Λ1 + 1 ⊗ (Λ1 +Λ1 +Λ1)
)
(m 2),
H ∼ Spm−1, N = 4.
(14)
(
GL21 × Spm × SL2l+1,Λ1 ⊗Λ1 +Λ1 ⊗ 1
)
(m > l  1),
H ∼ GL1 × Spl × Spm−l−1, N = 1.
(15a)
(
GL41 × Spm × SL2l+1,Λ1 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗ (Λ1 +Λ1)
)
(m > l  1),
H ∼ Spl−1 × Spm−l−1, N = 4.
(15b)
(
GL41 × Spm × SL2l+1,Λ1 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗
(
Λ∗1 +Λ∗1
))
(m > l  1),
H ∼ Spl−1 × Spm−l−1, N = 4.
(16)
(
GL31 × Sp2 × SL3,Λ1 ⊗Λ1 +Λ2 ⊗ 1 + 1 ⊗Λ∗1
)
, H ∼ GL1, N = 2.
(17)
(
GL21 × Sp2 × SL2,Λ2 ⊗Λ1 +Λ1 ⊗ 1
)
, H ∼ SO2, N = 2.
(18)
(
GL31 × Sp2 × SL2,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ1
)
, H ∼ {1}, N = 3.
(19)
(
GL31 × Sp2 × SL4,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ∗1
)
, H ∼ {1}, N = 3.
(20a)
(
GL21 × SOm × SLn,Λ1 ⊗Λ1 + 1 ⊗Λ1
)
(m > n 2),
H ∼ SOn−1 × SOm−n, N = 2.
(20b)
(
GL21 × SOm × SLn,Λ1 ⊗Λ1 + 1 ⊗Λ∗1
)
(m > n 2),
H ∼ SOn−1 × SOm−n, N = 2.
(21)
(
GL21 × Spin7 × SL2,Λ⊗Λ1 + 1 ⊗Λ1
)
, H ∼ SL3, N = 2.
(22a)
(
GL21 × Spin7 × SL3,Λ⊗Λ1 + 1 ⊗Λ1
)
, H ∼ SL2 × SO2, N = 2.
(22b)
(
GL21 × Spin7 × SL3,Λ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ SL2 × SO2, N = 2.
(23)
(
GL21 × Spin7 × SL6,Λ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ SL2 × SO2, N = 2.
(24)
(
GL21 × Spin7 × SL7,Λ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ SL3, N = 2.
(25)
(
GL21 × Spin7 × SL2, χ ⊗Λ1 +Λ⊗ 1
)
, H ∼ SO2 × SL2, N = 2.
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(
GL31 × Spin7 × SL2, χ ⊗Λ1 +Λ⊗ 1 + 1 ⊗Λ1
)
, H ∼ SL2, N = 3.
(27)
(
GL31 × Spin7 × SL6, χ ⊗Λ1 +Λ⊗ 1 + 1 ⊗Λ∗1
)
, H ∼ SL2, N = 3.
(28)
(
GL21 × Spin8 × SL2, χ ⊗Λ1 +Λ′ ⊗ 1
)
, H ∼ SL3 × SO2, N = 2.
(29)
(
GL21 × Spin8 × SL3, χ ⊗Λ1 +Λ′ ⊗ 1
)
, H ∼ SL2 × SO3, N = 2.
(30)
(
GL31 × Spin8 × SL2, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ1
)
, H ∼ SL3, N = 3.
(31a)
(
GL31 × Spin8 × SL3, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ1
)
, H ∼ SL2 × SO2, N = 3.
(31b)
(
GL31 × Spin8 × SL3, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ∗1
)
, H ∼ SL2 × SO2, N = 3.
(32)
(
GL31 × Spin8 × SL6, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ∗1
)
, H ∼ SL2 × SO2, N = 3.
(33)
(
GL31 × Spin8 × SL7, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ∗1
)
, H ∼ SL3, N = 3.
(34)
(
GL21 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ 2Λ1
)
, H ∼ (G2)× SO2, N = 2.
(35)
(
GL21 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ 3Λ1
)
, H ∼ (G2), N = 2.
(36)
(
GL31 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ (Λ1 +Λ1)
)
, H ∼ GL1 × (G2), N = 2.
(37)
(
GL31 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ (2Λ1 +Λ1)
)
, H ∼ (G2), N = 3.
(38)
(
GL41 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ (Λ1 +Λ1 +Λ1)
)
, H ∼ (G2), N = 4.
(39a)
(
GL21 × Spin10 × SL3,Λ′ ⊗Λ1 + 1 ⊗Λ1
)
, H ∼ SL2 × SO2, N = 2.
(39b)
(
GL21 × Spin10 × SL3,Λ′ ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ SL2 × SO2, N = 2.
(40)
(
GL21 × Spin10 × SL14,Λ′ ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ SL2 × SO2, N = 2.
(41)
(
GL21 × Spin10 × SL15,Λ′ ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ GL1 × SL4, N = 1.
(42)
(
GL21 × Spin10 × SL2, χ ⊗Λ1 +Λ′ ⊗ 1
)
, H ∼ (G2), N = 2.
(43)
(
GL21 × Spin10 × SL3, χ ⊗Λ1 +Λ′ ⊗ 1
)
, H ∼ SL3 × SO2, N = 2.
(44)
(
GL21 × Spin10 × SL4, χ ⊗Λ1 +Λ′ ⊗ 1
)
, H ∼ SL2 × SL2, N = 2.
(45)
(
GL21 × (G2)× SL2,Λ2 ⊗Λ1 + 1 ⊗Λ1
)
, H ∼ SL2, N = 2.
(46)
(
GL21 × (G2)× SL6,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
, H ∼ SL2, N = 2.
Note that (13′) should be added to the list of 2-simple PVs of type I in [KKIY]. Here we
briefly review the previous results on classification and relative invariants of non-irreducible PVs.
In [Sa1], F. Sato established some general results on relative invariants over an arbitrary field of
characteristic 0. In [K2], the first author classified the simple PVs and constructed their relative
invariants. In 1998, 2-simple PVs were classified. On the other hand, Rubenthaler [R] introduced
the notion of PVs of parabolic type and classified irreducible regular PVs of parabolic type.
Then Mortajine [M] classified regular PVs of parabolic type and gave the list of the fundamental
relative invariants in some cases. We remark that PVs arising from nilpotent orbits of simple
Lie algebras are of parabolic type. Recently, relative invariants of PVs related with nilpotent
orbits have been studied in [JN,U]. In [U], Ukai determined the b-functions of PVs arising from
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[U] [JN] The present paper
(3) (4)–(10) E7, orbit 29, Section 4.3.6 Theorem 5.7
(4b) (5)–(14) E8, orbit 55 Theorem 5.7
(7b) (5)–(11) E8, orbit 47, Section 4.3.9 Theorem 6.10
(20b) – Section 3.4 Theorem 3.4
(28) (4)–(8) E7, orbit 20 Theorem 8.1
(29) (5)–(10) E8, orbit 42 Theorem 8.1
(30) (5)–(12) E8, orbit 46 Theorem 8.1
(42) (5)–(8) E8, orbit 32, Section 4.3.7 Theorem 7.6
Table 2
Section 3 (20a), (20b)
Section 4 (10a), (10b), (10c), (14), (15a), (15b)
Section 5 (1), (2), (3), (4a), (4b), (5), (16), (17), (18), (19)
Section 6 (6a), (6b), (7a), (7b), (9)
Section 7 (39a), (39b), (41), (42), (43), (44)
Section 8 The remaining cases
nilpotent orbits of exceptional simple Lie algebras. He constructed relative invariants by means
of monomial expressions. Also in [JN], Jackson and Noël studied these relative invariants by the
method of Young diagrams (however, in some cases, they omitted the detailed calculation and
gave only characters of relative invariants).
In fact, the 2-simple PVs (3), (4b), (7b), (20b), (28), (29), (30) and (42) are of parabolic type
and their relative invariants are studied in [JN,U]. Table 1 shows the reference for these spaces,
by which the reader can compare three kinds of construction of relative invariants.
In the rest of this paper, we shall construct relative invariants of the 2-simple PVs in Proposi-
tion 2.4 as Table 2.
3. Relative invariants related to the orthogonal groups
In this section, we shall construct the relative invariants of (20a) and (20b) in Proposition 2.4.
This gives those of (21)–(33), (45) and (46) in Proposition 2.4 (cf. Theorem 8.1). Although the
results of this section are well known to the experts, we give the proof of these results since they
have an important role in the present paper. First we shall recall the following simple PV.
Proposition 3.1. [Sz,K2] The fundamental relative invariants of the simple PV
(
GL21 × SLn,2Λ1 ⊕Λ1,Symn ⊕Affn
)
are given by
P1(v)= detX ↔ χ1(g)= αn1 ,
P2(v)= det
(
X y
ty 0
)
↔ χ2(g)= αn−11 α22,
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(X,y) → (α1AXtA,α2Ay).
Proof. For the irreducibility of P1(v), see, e.g., [K3, p. 45]. Since P2(v) is given in a different
expression in [K2], we shall prove its irreducibility. Since P2(v0) = −1 for a generic point v0 =
(In, e1) with e1 = t (1,0, . . . ,0), it is not identically zero. Put
Φ(X,y)=
(
X y
ty 0
)
and B =
(
α
1/2
1 A O
O α
−1/2
1 α2
)
.
Then we have Φ(α1AXtA,α2Ay) = BΦ(X,y)tB , and hence P2(v) = detΦ(X,y) is a relative
invariant corresponding to the character χ2(g) = (detB)2 = αn−11 α22 . Since degX P1(v) = n >
n− 1 = degX P2(v), P1(v) cannot be a divisor of P2(v). Since x11 of X appears at most linearly,
P2(v) cannot be of the form G(v)k with k  2, and hence P2(v) must be irreducible. 
Theorem 3.2. The fundamental relative invariants of the 2-simple PV
(20a)
(
GL21 × SO(m,K)× SLn,Λ1 ⊗Λ1 + 1 ⊗Λ1,Mm,n ⊕ Affn
)
(m > n 2)
are given by
P1(v)= det tXKX ↔ χ1(g)= α2n1 ,
P2(v)= det
(
tXKX y
ty 0
)
↔ χ2(g)= α2(n−1)1 α22,
where g = (α1, α2;A,B) ∈ GL21 × SO(m,K)× SLn and v = (X,y) ∈ Mm,n ⊕ Affn. The action
is given by v = (X,y) → (α1AXtB,α2By).
Proof. By Theorem 1.11 and Example 1.14, we have our result. 
Proposition 3.3. [Sz,K2] The fundamental relative invariants of the simple PV(
GL21 × SLn,2Λ1 ⊕Λ∗1,Symn ⊕Affn
)
are given by
P1(v)= detX ↔ χ1(g)= αn1 ,
P2(v)= tyXy ↔ χ2(g)= α1α22,
where g = (α1, α2;A) ∈ GL21 × SLn and v = (X,y) ∈ Symn ⊕Affn. The action is given by
v = (X,y) → (α1AXtA,α2tA−1y).
Proof. Since P2(v0) = 1 for a generic point v0 = (In, e1), it is not identically zero. Since
degX P1(v) = n > 1 = degX P2(v), the polynomial P1(v) cannot be a divisor of P2, so P2(v) =
G(v)m for some G(v) and m. However 1 = degX P2(v)=mdegX G(v), we have m= 1 and this
proves the irreducibility of P2(v). 
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(20b)
(
GL21 × SO(m,K)× SLn,Λ1 ⊗Λ1 + 1 ⊗Λ∗1,Mm,n ⊕ Affn
)
(m > n 2)
are given by
P1(v)= det tXKX ↔ χ1(g)= α2n1 ,
P2(v)= tytXKXy ↔ χ2(g)= α21α22,
where g = (α1, α2;A,B) ∈ GL21 × SO(m,K)× SLn and v = (X,y) ∈ Mm,n ⊕ Affn. The action
is given by v = (X,y) → (α1AXtB,α2tB−1y).
Proof. Since the PV in Proposition 3.3 is a quotient of (20b), we have our result by Theo-
rem 1.11. 
4. Relative invariants related to the symplectic groups
In this section, we construct the relative invariants of (10a)–(10c), (14), (15a) and (15b)
in Proposition 2.4. First we review the Pfaffian of an alternating matrix of even degree. Let
V = Cu1 +· · ·+Cu2l be a 2l-dimensional vector space on which GL2l acts as (Au1, . . . ,Au2l )=
(u1, . . . , u2l )A for A ∈ GL2l . Then GL2l acts on Λ2V as Λ2 by Λ2(A)x =∑i<j xijAui ∧Auj
for x =∑i<j xijui ∧ uj ∈ Λ2V and A ∈ GL2l . In the following of this paper, we identify x =∑
i<j xijui ∧uj ∈Λ2V with X = (xij ) ∈ Alt2l . Then we have Λ2(A)x =AXtA. Define the Pfaf-
fian Pf(X) of X ∈ Alt2l by
l︷ ︸︸ ︷
x ∧ · · · ∧ x = l!Pf(X)u1 ∧ · · · ∧u2l . Then Λ2(A)x ∧ · · · ∧Λ2(A)x =
l!Pf(AXtA)u1 ∧ · · · ∧ u2l = l!Pf(X)Au1 ∧ · · · ∧Au2l = l!Pf(X)(detA)u1 ∧ · · · ∧ u2l and hence
we have
Pf
(
AXtA
)= (detA)Pf(X) (A ∈ GL2l , X ∈ Alt2l ). (4.1)
Since detX and Pf(X)2 are relative invariants of a PV (GL2l ,Λ2,Alt2l ) corresponding to the
same character (detA)2 and detJl = (PfJl)2 = 1, we have
detX = (PfX)2 (X ∈ Alt2l ). (4.2)
Proposition 4.1. The simple PV (GL2l ,Λ2,Alt2l ) is the quotient of the 2-simple PV
(Spm × GL2l ,Λ1 ⊗ Λ1,M2m,2l ) (m > l  1) with ψ :M2m,2l → Alt2l defined by ψ(X) =
tXJmX (X ∈M2m,2l ). In particular, Pf(tXJmX) is an irreducible relative invariant.
Proof. Clearly we have ψ(AXtB) = tBψ(X)B for g = (A,B) ∈ Spm × GL2l and X ∈ M2m,2l .
For C ∈Ml , put
f (C)=
t
(
C O O
O C O
)
∈M2m,2l .
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nating matrix is even, and two alternating matrices of the same rank transformed to each other
by the action Λ2 of GL2l , we have the surjectivity of ψ . Then X0 = f (Il) is a generic point and
ψ(X0) = Jl . By a direct calculation, we see that the Lie algebra of the GL2l-part of the isotropy
subgroup at X0 is the symplectic Lie algebra spl ; the reader can refer to [SK, p. 100], in which
the calculation for the reduced case m  2l is done. On the other hand, the isotropy subgroup
of (GL2l ,Λ2,Alt2l ) at Jl = ψ(X0) is Spl by definition. Thus the conditions (a1) and (a2) in [O,
Lemma 2.3] are satisfied and hence the condition of Definition 1.8 is satisfied. This proves our
assertion. The last assertion is obtained by the irreducibility of Pfaffian (see, e.g., [K3, p. 46])
and Theorem 1.11. 
Lemma 4.2. [K2] The fundamental relative invariants of the simple PVs
(1) (GL31 × SL2l ,Λ2 ⊕ (Λ1 ⊕Λ1),Alt2l ⊕Aff2l ⊕Aff2l ),
(2) (GL31 × SL2l ,Λ2 ⊕ (Λ1 ⊕Λ∗1),Alt2l ⊕Aff2l ⊕Aff2l ),
(3) (GL31 × SL2l ,Λ2 ⊕ (Λ∗1 ⊕Λ∗1),Alt2l ⊕Aff2l ⊕Aff2l )
are given as follows.
P1(v)= PfX ↔ χ1(g)= αl1,
P2(v)=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Pf
(
X y z
−ty 0 0
−tz 0 0
)
↔ χ2(g)= αl−11 α2α3 for (1),
tyz ↔ χ2(g)= α2α3 for (2),
tyXz ↔ χ2(g)= α1α2α3 for (3),
where g = (α1, α2, α3;A) ∈ GL31 × SL2l and v = (X,y,z) ∈ Alt2l ⊕Aff2l ⊕Aff2l . The action is
given by
v = (X,y,z) →
⎧⎨
⎩
(α1AXtA,α2Ay, α3Az) for (1),
(α1AXtA,α2Ay, α3tA−1z) for (2),
(α1AXtA,α2tA−1y, α3tA−1z) for (3).
Proof. Since the relative invariant tyΔ(X)z (= P1(v)P2(v)) for (1) given in [K2, p. 94] is not
irreducible, we give the correction here. Put
Φ(X,y,z)=
(
X y z
−ty 0 0
−tz 0 0
)
and B =
⎛
⎝α
1/2
1 A 0 0
0 α−1/21 α2 0
0 0 α−1/21 α3
⎞
⎠ .
Then we have Φ(α1AXtA,α2Ay, α3Az) = BΦ(X,y,z)tB , and hence P2(v) is a relative in-
variant corresponding to detB = αl−11 α2α3. Seeing the characters, we see the irreducibility of
P2(v). 
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(10a)
(
GL31 × Spm × SL2l ,Λ1 ⊗Λ1 + 1 ⊗ (Λ1 +Λ1)
) (1
2
(m+ 1) > l  1
)
,
(10b)
(
GL31 × Spm × SL2l ,Λ1 ⊗Λ1 + 1 ⊗
(
Λ1 +Λ∗1
))
(m > l  1),
(10c)
(
GL31 × Spm × SL2l ,Λ1 ⊗Λ1 + 1 ⊗
(
Λ∗1 +Λ∗1
))
(m > l  1)
are given by
P1(v)= Pf
(
tXJmX
)↔ χ1(g)= α2l1 ,
P2(v)=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Pf
( tXJmX y z
−ty 0 0
−tz 0 0
)
↔ χ2(g)= α2l−21 α2α3 for (10a),
tyz ↔ χ2(g)= α2α3 for (10b),
tytXJmXz ↔ χ2(g)= α21α2α3 for (10c),
where g = (α1, α2, α3;A,B) ∈ GL31 × Spm × SL2l and v = (X,y,z) ∈ M2m,2l ⊕ Aff2l ⊕Aff2l .
The action is given by
v = (X,y,z) →
⎧⎨
⎩
(α1AXtB,α2By, α3Bz) for (10a),
(α1AXtB,α2By, α3tB−1z) for (10b),
(α1AXtB,α2tB−1y, α3tB−1z) for (10c).
Proof. By Theorems 1.11, 1.13, Proposition 4.1 and Lemma 4.2, we have our result. 
Theorem 4.4. The simple PV (GL21 × SL2l+1,Λ2 ⊕Λ1,Alt2l+1 ⊕Aff2l+1) is the quotient of the
2-simple PV
(14)
(
GL21 × Spm × SL2l+1,Λ1 ⊗Λ1 +Λ1 ⊗ 1,M2m,2l+1 ⊕ Aff2m
)
with ψ :M2m,2l+1 ⊕ Aff2m → Alt2l+1 ⊕Aff2l+1 defined by (X,x) → (tXJmX, tXJmx). Hence
the fundamental relative invariant of (14) is given by
P1(v)= Pf
(
tXJmX
tXJmx
−t (tXJmx) 0
)(= Pf t (X|x)Jm(X|x))↔ χ1(g)= α2l+11 α2,
where g = (α1, α2;A,B) ∈ GL21 ×Spm×SL2l+1 and v = (X,x) ∈M2m,2l+1 ⊕Aff2m. The action
is given by v = (X,x) → (α1AXtB,α2Ax).
Proof. By a similar argument to the proof of Proposition 4.1, we see that (GL21 × SL2l+1,
Λ2 ⊕Λ1) is the quotient of the 2-simple PV (14). Since P1(v) is the composition of the ψ above
and the fundamental relative invariant of (GL21 × SL2l+1,Λ2 ⊕ Λ1) which is given explicitly in
[K2, p. 95], we obtain our result by Theorem 1.11. 
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(Spm × SL2l+1,Λ1 ⊗Λ1 + 1 ⊗Λ1)′ ⊂ (Spm × SL2l+2,Λ1 ⊗Λ1)′.
Theorem 4.6. The fundamental relative invariants of
(15a)
(
GL41 × Spm × SL2l+1,Λ1 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗ (Λ1 ⊕Λ1)
)
are given by
P1(v)= Pf t (X|x)Jm(X|x)↔ χ1(g)= α2l+11 α2,
P2(v)= Pf
(
tXJmX y
−ty 0
)
↔ χ2(g)= α2l+11 α3,
P3(v)= Pf
(
tXJmX z
−tz 0
)
↔ χ3(g)= α2l+11 α4,
P4(v)= Pf
⎛
⎜⎜⎝
tXJmX (
tXJmx) y z
−t (tXJmx)
−ty O
−tz
⎞
⎟⎟⎠↔ χ4(g)= α2l+11 α2α3α4,
where g = (α1, α2, α3, α4;A,B) ∈ GL41 × Spm × SL2l+1 and v = (X,x;y,z) ∈ M2m,2l+1 ⊕
Aff2m ⊕Aff2l+1 ⊕Aff2l+1. The action is given by
v = (X,x;y,z) → (α1AXtB,α2Ax;α3By, α4Bz).
Proof. The fundamental relative invariants of the simple PV (GL41 × SL2l+1,Λ2 ⊕ Λ1 ⊕
Λ1 ⊕ Λ1) is given in [K2, p. 95]. Hence by Theorems 1.11, 1.13 and 4.4, we obtain our result.
Theorem 4.7. The fundamental relative invariants of
(15b)
(
GL41 × Spm × SL2l+1,Λ1 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗
(
Λ∗1 ⊕Λ∗1
))
are given by
P1(v)= Pf t (X|x)Jm(X|x)↔ χ1(g)= α2l+11 α2,
P2(v)= ty
(
tXJmx
)↔ χ2(g)= α1α2α3,
P3(v)= tz
(
tXJmx
)↔ χ3(g)= α1α2α4,
P4(v)= ty
(
tXJmX
)
z ↔ χ4(g)= α21α3α4,
where g = (α1, α2, α3, α4;A,B) ∈ GL41 × Spm × SL2l+1 and v = (X,x;y,z) ∈ M2m,2l+1 ⊕
Aff2m ⊕Aff2l+1 ⊕Aff2l+1. The action is given by
v = (X,x;y,z) → (α1AXtB,α2Ax;α3tB−1y, α4tB−1z).
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Λ∗1 ⊕Λ∗1) are given in [K2, p. 95]. Hence by Theorems 1.11, 1.13 and 4.4, we obtain our result.
5. Relative invariants related to SL4 and Sp2
In this section, we construct the relative invariants of (1)–(5) related to SL4 and (16)–(19)
related to Sp2 in Proposition 2.4.
For X = (xij ), Y = (yij ) ∈ Alt4, put
Pf(X,Y )= Pf(X + Y)− Pf(X)− Pf(Y )
= x12y34 + x34y12 − x13y24 − x24y13 + x14y23 + x23y14. (5.1)
For X1, . . . ,Xn ∈ Alt4 (n= 2,3,4,5), put
Φn(X1, . . . ,Xn)=
(
Pf(Xi,Xj )
) ∈ Symn . (5.2)
Then by (4.1) and the bilinearity of (5.1), for (A,B) ∈ SL4 × GLn, we have
Φn
((
AX1
tA, . . . ,AXn
tA
)
tB
)= BΦn(X1, . . . ,Xn)tB. (5.3)
Note that (5.3) holds also for X1, . . . ,Xn ∈ Alt′4 and (A,B) ∈ Sp2 × GLn.
Lemma 5.1. We have an isomorphism
(
GL21 × SL4 × SLn,Λ2 ⊗Λ1 + 1 ⊗Λ(∗)1
)∼= (GL21 × SO6 × SLn,Λ1 ⊗Λ1 + 1 ⊗Λ(∗)1 )
and hence relative invariants of the left-hand side for 2  n  5 are given by those of (20a)
or (20b) with m = 6 in Theorems 3.2 and 3.4, in which we replace tXKX (X ∈ M6,n) by
Φn(X1, . . . ,Xn) ((X1, . . . ,Xn) ∈ Alt4 ⊕· · · ⊕ Alt4).
Proof. Let us consider the action Λ2 of SL4 on Alt4 defined by X → AXtA for A ∈ SL4 and
X ∈ Alt4. Then, by (4.1), the Pfaffian Pf(X) = x12x34 − x13x24 + x14x23 for X = (xij ) ∈ Alt4 is
an absolute invariant for SL4, and this shows SL4/{±I4} ∼= SO6 (cf. (4) in Example 2.2). Hence
we obtain our result. 
If we restrict the action Λ2 of SL4 to the subgroup Sp2, then Alt4 decomposes into CJ2 ⊕Alt′4
with Alt′4 = {X ∈ Alt4 | Tr(XJ2) = 0}. The action on Alt′4 is an irreducible representation Λ2 of
Sp2, and Pf(X)= x213 +x12x34 +x14x23 for X = (xij ) ∈ Alt′4 is an absolute invariant. This shows
Sp2/{±I4} ∼= SO5 (cf. (3) in Example 2.2). Thus we obtain the following lemma.
Lemma 5.2. We have an isomorphism
(
GL21 × Sp2 × SLn,Λ2 ⊗Λ1 + 1 ⊗Λ(∗)
)∼= (GL21 × SO5 × SLn,Λ1 ⊗Λ1 + 1 ⊗Λ(∗))1 1
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or (20b) with m = 5 in Theorems 3.2 and 3.4, in which we replace tXKX (X ∈ M5,n) by
Φn(X1, . . . ,Xn) ((X1, . . . ,Xn) ∈ Alt′4 ⊕· · · ⊕ Alt′4).
For X = (xij ) ∈ Alt4, put
Δ′(X)=
⎛
⎜⎝
0 −x34 x24 −x23
x34 0 −x14 x13
−x24 x14 0 −x12
x23 −x13 x12 0
⎞
⎟⎠ . (5.4)
Then we have
XΔ′(X)=Δ′(X)X = Pf(X)I4, (5.5)
Δ′
(
AXtA
)= (detA) · tA−1Δ′(X)A−1 (A ∈ GL4), (5.6)
Δ′(αX + βY)= αΔ′(X)+ βΔ′(Y ) (α,β ∈ C), (5.7)
Δ′(X) ∈ Alt′4
(
X ∈ Alt′4
)
. (5.8)
Lemma 5.3. Define ψn :Mn,2 → Altn by X = (xij ) → ψn(X) = (det
( xi1 xi2
xj1 xj2
)
) for n  2. Then
we have
ψn
(
AXtB
)= detB ·Aψn(X)tA ((A,B) ∈ GLn × GL2).
Proof. Since
ψn(AX)=
(
det
(∑
k aikxk1
∑
k aikxk2∑
l aj lxl1
∑
l aj lxk2
))
=
(∑
k,l
aik det
(
xk1 xk2
xl1 xl2
)
ajl
)
=Aψn(X)tA
and ψn(XtB)= detB ·ψn(X) for (A,B) ∈ GLn × GL2, we have our result. 
To construct the relative invariants of (1) and (2) in Proposition 2.4, we use ψ4 in Lemma 5.3
and Φ2(X1,X2) in (5.2).
Theorem 5.4. The fundamental relative invariants of the 2-simple PV
(1)
(
GL21 × SL4 × SL2,Λ2 ⊗Λ1 +Λ1 ⊗Λ1,Alt4 ⊕Alt4 ⊕M4,2
)
are given by
P1(v)= detΦ2(X1,X2)↔ χ1(g)= α41,
P2(v)= detΦ3
(
X1,X2,ψ4(Y )
)↔ χ2(g)= α41α42,
where g = (α1, α2;A,B) ∈ GL21 × SL4 × SL2 and v = (X1,X2, Y ) ∈ Alt4 ⊕Alt4 ⊕M4,2. The
action is given by
v = (X1,X2, Y ) →
((
α1AX1
tA,α1AX2
tA
)
tB,α2AY
tB
)
.
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of P2(v). For a generic point
v0 =
(
u1 ∧ u2, u3 ∧ u4,
(
e
(4)
1 + e(4)3 , e(4)2 + e(4)4
))
,
we have P2(v0) = 2 and hence P2(v) is not identically zero. If P1 divides P2, then (SL4 × GL2,
Λ1 ⊗ Λ1) must have a relative invariant corresponding to the character α42 . However this space
has no relative invariant, and hence P1 does not divide P2. Since the element
g0 =
(√−1,−1,√−1(e(4)4 ∣∣e(4)3 ∣∣e(4)2 ∣∣e(4)1 ),√−1(e(2)2 ∣∣e(2)1 ))
fixes v0, and the relation α21α
2
2 |g0 = −1 (= 1) holds, there is no possibility of P2(v) = G(v)2
for some G(v) corresponding to the character α21α
2
2 by Proposition 1.6. Hence we obtain the
irreducibility of P2. 
Theorem 5.5. The fundamental relative invariants of the 2-simple PV
(2)
(
GL31 × SL4 × SL2,Λ2 ⊗Λ1 + (Λ1 +Λ1)⊗ 1,Alt4 ⊕Alt4 ⊕M4,2
)
are given by
P1(v)= detΦ2(X1,X2)↔ χ1(g)= α41,
P2(v)= detΦ3
(
X1,X2,ψ4(Y )
)↔ χ2(g)= α41α22α23,
where g = (α1, α2, α3;A,B) ∈ GL31 × SL4 × SL2 and v = (X1,X2, Y ) ∈ Alt4 ⊕Alt4 ⊕M4,2. The
action is given by
v = (X1,X2, Y ) →
((
α1AX1
tA,α1AX2
tA
)
tB,AY
(
α2 0
0 α3
))
.
Proof. Since ψ4(Y ) → α2α3Aψ4(Y )tA, we have the relative invariance of P2(v). Since P1 and
P2 coincide with those of Theorem 5.4, they are not identically zero and irreducible. 
Remark 5.6. As is easily seen from the proof, the above relative invariants P1(v) and P2(v) are
the same as the fundamental relative invariants of the 3-simple PV(
GL21 × SL4 × SL2 × SL2,Λ2 ⊗Λ1 ⊗ 1 +Λ1 ⊗ 1 ⊗Λ1
)
.
In the notation of Notation 1.3(1), we have
(1), (2)⊂ (GL21 × SL4 × SL2 × SL2,Λ2 ⊗Λ1 ⊗ 1 +Λ1 ⊗ 1 ⊗Λ1),
where the embedding σ of the groups are given as follows:
(α1, α2;A,B) → (α1, α2;A,B,B) for (1),
(α1, α2, α3;A,B) →
(
α1, α2;A,B,
(
1 0
0 α−12 α3
))
for (2).
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any y ∈ Aff4, we have
tyΔ′
(
X′1
)
X′2Δ′
(
X′3
)
y = detB · tyΔ′(X1)X2Δ′(X3) y.
Proof. When B is a diagonal matrix, the transformation formula follows from (5.7). Thus it is
enough to prove the lemma for B of the following form:
B = I3 + cEij (c ∈ C, i = j),
where Eij denotes the matrix unit. Suppose that i = 1, j = 2. Then, by (5.5) and (5.7), we have
tyΔ′(X1 + cX2)X2Δ′(X3) y = tyΔ′(X1)X2Δ′(X3) y + cPf(X2)tyΔ′(X3)y,
and since tyXy = 0 for any alternating matrix X, we have
tyΔ′(X1 + cX2)X2Δ′(X3) y = tyΔ′(X1)X2Δ′(X3) y.
The other cases can be proved similarly and hence we obtain our result. 
Now we construct the relative invariants of (4a) and (4b) in Proposition 2.4, which involve
those of (3).
Theorem 5.8. The fundamental relative invariants of 2-simple PVs
(4a)
(
GL31 × SL4 × SL3,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ1
)
,
(4b)
(
GL31 × SL4 × SL3,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ∗1
)
are given as follows:
P1(v)= detΦ3(X1,X2,X3)↔ χ1(g)= α61,
P2(v)= tyΔ′(X1)X2Δ′(X3) y ↔ χ2(g)= α31α22,
P3(v)=
{
det
(Φ3(X1,X2,X3) z
tz 0
)↔ χ3(g)= α41α23 for (4a),
tzΦ3(X1,X2,X3)z ↔ χ3(g)= α21α23 for (4b),
where g = (α1, α2, α3;A,B) ∈ GL31 × SL4 × SL3 and
v = (X1,X2,X3,y,z) ∈ Alt4 ⊕Alt4 ⊕Alt4 ⊕Aff4 ⊕Aff3 .
The action is given by
v →
{
((α1AX1tA,α1AX1tA,α1AX1tA)tB,α2Ay, α3Bz) for (4a),
((α1AX1tA,α1AX1tA,α1AX1tA)tB,α2Ay, α3tB−1z) for (4b).
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from (5.6) and Lemma 5.7. For a generic point
v0 =
(
u1 ∧ u2, u3 ∧ u4, u1 ∧ u3 + u2 ∧ u4, e(4)1 + e(4)3 , e(3)1 + e(3)2
)
,
we have P2(v0) = −1, and hence it is not identically zero. Its irreducibility is obtained from the
form of the characters. 
Let GLn act on V = Cu1 + · · · + Cun by (u′1, . . . , u′n) = (u1, . . . , un)B for B ∈ GLn. Put
u∗i = (−1)i−1u1 ∧ · · · ∧ ui−1 ∧ ui+1 ∧ · · · ∧ un (i = 1, . . . , n) so that ui ∧ u∗j = δij u1 ∧ · · · ∧ un
holds where δij denotes Kronecker’s delta. Let Λn−1 be the action of GLn on Λn−1V = Cu∗1 +
· · · + Cu∗n defined by u∗i → u′∗i = (−1)i−1u′1 ∧ · · · ∧ u′i−1 ∧ u′i+1 ∧ · · · ∧ u′n (i = 1, . . . , n).
Lemma 5.9. Let ϕn : Λn−1V → Affn be the bijection defined by ϕn(∑ni=1 yiu∗i ) = t (y1, . . . ,
yn) ∈ Affn. Then we have ϕn(Λn−1(B)y) = (detB)tB−1ϕn(y) for y ∈ Λn−1V and B ∈ GLn.
For n = 3, this coincides with ϕ3 : Alt3 → Aff3 given by ϕ3((xij )) = t (x23,−x13, x12), which
satisfies ϕ3(BXtB)= (detB)tB−1ϕ3(X) for B ∈ GL3 and X ∈ Alt3.
Proof. It is enough to show that y′ = (detB)tB−1y for y = t (y1, . . . , yn) and y′ = t (y′1, . . . , y′n)
when
∑n
i=1 yiu′∗i =
∑n
i=1 y′iu∗i . We have x′ = Bx for x = t (x1, . . . , xn) and x′ = t (x′1, . . . , x′n)
when
∑n
i=1 xiu′i =
∑n
i=1 x′iui . Since u′1 ∧ · · · ∧ u′n = (detB)u1 ∧ · · · ∧ un, we have (
∑
xiu
′
i )∧
(
∑
yju
′∗
j ) = 〈x,y〉(detB)u1 ∧ · · · ∧ un = (
∑
x′iui) ∧ (
∑
y′j u∗j ) = 〈Bx,y′〉u1 ∧ · · · ∧ un and
hence we obtain our result. For n = 3, we can identify Alt3 with Λ2V by (xij ) = x12u1 ∧ u2 +
x13u1 ∧ u3 + x23u2 ∧ u3 = x23u∗1 + (−x13)u∗2 + x12u∗3. 
Note that this lemma shows Λn−1 = Λ∗1 for SLn. Now put aijk = tyΔ′(Xi)XjΔ′(Xk)y for
X1, . . . ,X4 ∈ Alt4 and y ∈ Aff4. Then Lemma 5.7 shows that a = (1/6)∑aijkui ∧ uj ∧ uk =∑
i<j<k aijkui ∧ uj ∧ uk = a234u∗1 + (−a134)u∗2 + a124u∗3 + (−a123)u∗4 is an element of Λ3V .
We put
ϕ4(X1, . . . ,X4;y)= ϕ4(a)= t (a234,−a134, a124,−a123) ∈ Aff4 . (5.9)
Then by Lemma 5.9, for A,B ∈ SL4, we have
ϕ4
((
AX1
tA, . . . ,AX4
tA
)
tB;Ay)= tB−1ϕ4(X1, . . . ,X4;y). (5.10)
Using the notation above, we shall prove the following theorem.
Theorem 5.10. The fundamental relative invariants of
(5)
(
GL31 × SL4 × SL4,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ∗1
)
are given by
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P2(v)= tzΦ4(X1, . . . ,X4)z ↔ χ2(g)= α21α23,
P3(v)= tzΦ4(X1, . . . ,X4)t ↔ χ3(g)= α51α22α3,
where g = (α1, α2, α3;A,B) ∈ GL31 × SL4 × SL4, v = ((X1, . . . ,X4),y,z) ∈ (Alt4 ⊕Alt4 ⊕
Alt4 ⊕Alt4)⊕ Aff4 ⊕Aff4 and t = ϕ4(X1, . . . ,X4;y) of (5.9). The action is given by
v = ((X1, . . . ,X4),y,z) → ((α1AX1tA, . . . , α1AX4tA)tB,α2Ay, α3tB−1z).
Proof. By Lemma 5.1, it is enough to consider only P3(v) by Theorem 3.4. For a generic point
v0 = (u1 ∧ u2, u1 ∧ u3, u2 ∧ u4, u3 ∧ u4, e(4)1 + e(4)2 , e(4)1 + e(4)4 ), we have P3(v0) = 0 and hence
P3(v) is not identically zero. The irreducibility of P3(v) is obtained from the form of the charac-
ters. 
Theorem 5.11. The fundamental relative invariants of
(16)
(
GL31 × Sp2 × SL3,Λ1 ⊗Λ1 +Λ2 ⊗ 1 + 1 ⊗Λ∗1
)
are given by
P1(v)= Pf(Y )↔ χ1(g)= α22,
P2(v)= det
(
ϕ3
(
tXJ2X
)∣∣ϕ3(tXJ2YJ2X)∣∣z)↔ χ2(g)= α41α2α3,
where g = (α1, α2, α3;A,B) ∈ GL31 × Sp2 × SL3 and v = (X,Y,z) ∈ M4,3 ⊕ Alt′4 ⊕Aff3. The
action is given by v = (X,Y,z) → (α1AXtB,α2AY tA,α3tB−1z).
Proof. Since the isotropy subgroup at a generic point
v0 =
((
e
(4)
1 + e(4)2
∣∣e(4)3 ∣∣e(4)4 ), (u1 ∧ u3 − u2 ∧ u4), e(3)1 )
is isomorphic to GL1, the rank of this PV is 2 by Proposition 1.6. The relative invariance of P2(v)
is obtained by Lemma 5.9. Since P1(v0)= 1 and P2(v0)= 2, they are not identically zero. From
the form of the character, we have the irreducibility of P2(v). 
Now we construct the relative invariants of (18), which involve those of (17).
Theorem 5.12. The fundamental relative invariants of
(18)
(
GL31 × Sp2 × SL2,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ1
)
are given by
P1(v)= detΦ2(X1,X2)↔ χ1(g)= α41,
P2(v)= tyJ2X1J2X2J2y ↔ χ2(g)= α21α22,
P3(v)= det
(
Φ2(X1,X2) z
tz 0
)
↔ χ3(g)= α21α23,
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Aff4 ⊕Aff2. The action is given by
v = ((X1,X2),y,z) → ((α1AX1tA,α1AX2tA)tB,α2Ay, α3Bz).
Proof. By Lemma 5.2, it is enough to consider only P2(v) by Theorem 3.2. Since XiJ2Xi = 0
for i = 1,2, we can easily check the relative invariance of P2(v). For a generic point
v0 =
(
u1 ∧ u3 − u2 ∧ u4, u1 ∧ u2 + u3 ∧ u4, e(4)1 + e(4)2 , e(2)1
)
we have P2(v0)= 2 and hence it is not identically zero. Since
g0 =
(
−√−1,−√−1,−√−1;
(√−1I2 O
O −√−1I2
)
,
(√−1 0
0 −√−1
))
fixes v0 and the relation α1α2|g0 = −1 (= 1) holds, we have its irreducibility by Proposition 1.6.
Theorem 5.13. The fundamental relative invariants of
(19)
(
GL31 × Sp2 × SL4,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ∗1
)
are given by
P1(v)= detΦ4(X1, . . . ,X4)↔ χ1(g)= α81,
P2(v)= tzΦ4(X1, . . . ,X4)z ↔ χ2(g)= α21α23,
P3(v)= tzΦ4(X1, . . . ,X4)t ↔ χ3(g)= α51α22α3,
where g = (α1, α2, α3;A,B) ∈ GL31 × Sp2 × SL4, v = ((X1, . . . ,X4),y,z) ∈ (Alt′4 ⊕Alt′4
⊕Alt′4 ⊕Alt′4)⊕ Aff4 ⊕Aff4 and t = ϕ4(X1, . . . ,X4;y) of (5.9). The action is given by
v = ((X1, . . . ,X4),y,z) → ((α1AX1tA, . . . , α1AX4tA)tB,α2Ay, α3tB−1z).
Proof. Since (19) is obtained from (5) by restricting (SL4,Λ2,Alt4) to (Sp2,Λ2,Alt′4), we ob-
tain our result by Theorem 5.10. For P1(v) and P2(v), see Lemma 5.2. The irreducibility of
P3(v) is obtained from the form of its corresponding character. 
6. Relative invariants related to SL5
In this section, we construct the relative invariants of (6a)–(9) except (8) which is given in
[KMKK2]. Although the following expansion formula (6.1) of Pfaffian is classically known, for
the convenience of the reader, we give the proof here. See, e.g., [Sg1, Proposition 6.5] for a more
general result.
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by deleting the ith row and column (1 i  2m+ 1). Then for y = t (y1, . . . , y2m+1) ∈ Aff2m+1,
we have
Pf
(
X y
−ty 0
)
=
2m+1∑
i=1
(−1)i−1 Pf(X(i))yi . (6.1)
Proof. We identify X = (xij ) ∈ Alt2m+1 with ∑i<j xijui ∧ uj . Then, from the definition, we
have
m︷ ︸︸ ︷
X ∧ · · · ∧X = m!∑2m+1i=1 (−1)i−1 Pf(X(i))u∗i . We also identify y = t(y1, . . . , y2m+1) with
y˜ = ∑2m+1j=1 yjuj ∧ u2m+2. Then X + y˜ is identified with ( X y−ty 0 ) ∈ Alt2m+2 and hence, by
definition, we have
m+1︷ ︸︸ ︷
(X + y˜)∧ · · · ∧ (X + y˜)= (m+ 1)!Pf
(
X y
−ty 0
)
u1 ∧ · · · ∧ u2m+2.
Since y˜ ∧ y˜ = 0, the left-hand side coincides with (m+ 1)
m︷ ︸︸ ︷
X ∧ · · · ∧X∧y˜ and hence we obtain
our result. 
Corollary 6.2. Define the map δ : Alt2m+1 → Aff2m+1 by
δ(X)= t(Pf(X(1)),−Pf(X(2)), . . . , (−1)i−1 Pf(X(i)), . . . ,Pf(X(2m+1))). (6.2)
Then we have
δ
(
AXtA
)= detA · tA−1δ(X) (A ∈ GL2m+1, X ∈ Alt2m+1). (6.3)
Proof. By (6.1), we have 〈δ(AXtA),Ay〉 = (detA)〈δ(X),y〉, and hence we obtain our result.
Since Λ2m(A)(
m︷ ︸︸ ︷
X ∧ · · · ∧X)=
m︷ ︸︸ ︷
(AXtA)∧ · · · ∧ (AXtA), we can also obtain our result by Lemma
5.9. 
Corollary 6.3. For X,Y ∈ Alt5, let βi(X,Y ) = (−1)i−1 Pf(X(i), Y (i)) (see (5.1)) and put
β(X,Y )= t (β1(X,Y ), . . . , β5(X,Y )) ∈ Aff5. Then the map β : Alt5 ⊕Alt5 → Aff5 satisfies
β
(
AXtA,AY tA
)= detA · tA−1β(X,Y ) (A ∈ GL5). (6.4)
Proof. Since β(X,Y )= δ(X+ Y)− δ(X)− δ(Y ) (X,Y ∈ Alt5), we obtain our result. Note that
X ∧ Y =∑5i=1 βi(X,Y )u∗i . 
Lemma 6.4. [O, Lemma 3.1] For X ∈ Alt5 and y,z ∈ Aff5, we write 〈y|X|z〉 = tyXz. Then we
have
(1) 〈β(X,X)|X|y〉 = 0,
(2) 〈β(X,X)|Y |y〉 = −2〈β(X,Y )|X|y〉.
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(−1)i−12 Pf(X(i),X(i)), Proposition 6.1 implies that
〈
β(X,X)
∣∣X∣∣y〉= 2 Pf( X Xy−tytX 0
)
= Pf
(
X
−tytX
(
X
−tytX
)
y
)
= 0.
Thus we obtain the assertion (1). Then, for any ε ∈ C, we have 〈β(X+εY,X+εY )|X+εY |y〉 =
0. Looking at the coefficient of the linear term of ε, we obtain the assertion (2). 
Proposition 6.5. Put
η(X1,X2;y)= t
(〈
β(X1,X1)
∣∣X2∣∣y〉,−〈β(X2,X2)∣∣X1∣∣y〉) ∈ Aff2 . (6.5)
Then, for A ∈ GL5 and B ∈ GL2, we have
η
((
AX1
tA,AX2
tA
)
tB; tA−1y)= (detA)(detB)Bη(X1,X2;y). (6.6)
Proof. By (6.4), it is enough to check our assertion only for B ∈ GL2. By Lemma 6.4,
we have 〈β(aX1 + bX2, aX1 + bX2)|cX1 + dX2|y〉 = (ad − bc)(a〈β(X1,X1)|X2|y〉 +
b(−〈β(X2,X2)|X1|y〉)) for any a, b, c, d ∈ C, and hence we obtain our result. 
Theorem 6.6. The fundamental relative invariants of
(6a)
(
GL31 × SL5 × SL2,Λ2 ⊗Λ1 +
(
Λ∗1 +Λ1
)⊗ 1)
are given by
P1(v)= tyz ↔ χ1(g)= α2α3,
P2(v)= detΦ(X1,X2;z)↔ χ2(g)= α41α23,
P3(v)= det
(
Φ(X1,X2;z) η(X1,X2;y)
tη(X1,X2;y) 0
)
↔ χ3(g)= α81α22α3,
where
Φ(X1,X2;z)=
(
t β(X1,X1)z t β(X1,X2)z
t β(X2,X1)z t β(X2,X2)z
)
,
g = (α1, α2, α3;A,B) ∈ GL31 × SL5 × SL2,
v = ((X1,X2),y,z) ∈ (Alt5 ⊕Alt5)⊕ Aff5 ⊕Aff5 .
The action is given by
v = ((X1,X2),y,z) → ((α1AX1tA,α1AX2tA)tB,α2tA−1y, α3Az).
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For a generic point
v0 =
(
u1 ∧ u4 + u2 ∧ u5, u2 ∧ u4 + u3 ∧ u5, e(5)5 , e(5)1 + e(5)3 + e(5)5
)
,
we have P1(v0) = 1,P2(v0) = 8 and P3(v0) = 27 and hence they are not identically zero. Now
we regard this PV as (G,ρ,E ⊕ F) with E = Aff5 ⊕Aff5 and F = (Alt5 ⊕Alt5). Then the
isotropy subgroup Gx0 of GL31 × SL5 × SL2 at x0 = (e(5)5 , e(5)5 ) ∈E is given by
Gx0 =
{(
α1, α2, α
−1
2 ,
(
γA′ 0
0 α2
)
,B
) ∣∣∣∣ γ 4α2 = 1,A′ ∈ SL4
}
and (Gx0 , ρ|F ,F ) ∼= (GL21 × SL4 × SL2,Λ2 ⊗ Λ1 + Λ1 ⊗ Λ1). Actually for Xi =
( X′i y′i
−ty′i 0
)
(i = 1,2), we have
((
X′1,X′2
)
,
(
y′1,y′2
)) → ((α1γ 2A′X′1tA′, α2γ 2A′X′1tA′)tB, (α1α2γA′y′1, α1α2γA′y′2)tB).
By Theorem 5.4, the characters (α1γ 2)4 = (α41α23)|Gx0 and (α1γ 2)4(α1α2γ )4 = (α81α22α3)|Gx0
correspond to irreducible relatively invariant polynomials. It is clear that P1(v)  P2(v). If
P1(v) | P3(v), its quotient is a relative invariant of (GL21 × SL5 × SL2,Λ2 ⊗ Λ1 + Λ∗1 ⊗ 1)
corresponding to the character α81α2. One can see easily by [KKIY, Lemma 1.4] that the generic
isotropy subgroup of (GL21 × SL5 × SL2,Λ2 ⊗ Λ1 + Λ∗1 ⊗ 1) is GL21 × U(2), and hence, it has
no relative invariant by Proposition 1.6. This shows the irreducibility of P2(v) and P3(v). Note
that a relatively invariant polynomial f (x, y) of (G,ρ,E ⊕ F) is irreducible if f (x, y) is not
divided by any relative invariant on E and f (x0, y) is irreducible on F for a generic point x0 of
(G,ρ|E,E). 
Theorem 6.7. The fundamental relative invariants of
(6b)
(
GL31 × SL5 × SL2,Λ2 ⊗Λ1 +
(
Λ∗1 +Λ∗1
)⊗ 1)
are given by
P1(v)= det
(
ξ(X1,X2,y,z)
∣∣η(X1,X2;y))↔ χ1(g)= α41α22α3,
P2(v)= det
(
ξ(X1,X2,y,z)
∣∣η(X1,X2;z))↔ χ2(g)= α41α2α23,
P3(v)= det
(
η(X1,X2;y)
∣∣η(X1,X2;z))↔ χ3(g)= α61α2α3,
where ξ(X1,X2,y,z)= t (〈y|X1|z〉, 〈y|X2|z〉) ∈ Aff2, and η(X1,X2;y) is as given in (6.5) with
g = (α1, α2, α3;A,B) ∈ GL31 × SL5 × SL2, v = ((X1,X2),y,z) ∈ (Alt5 ⊕Alt5) ⊕Aff5 ⊕Aff5.
The action is given by
v = ((X1,X2),y,z) → ((α1AX1tA,α1AX2tA)tB,α2tA−1y, α3tA−1z).
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v0 =
(
u1 ∧ u4 + u2 ∧ u5, u2 ∧ u4 + u3 ∧ u5, e(5)5 , e(5)1 + e(5)3 + e(5)4 + e(5)5
)
,
we have P1(v0) = 2,P2(v0) = 2,P3(v0) = 4 and hence they are not identically zero. Since
(GL21 × SL5,Λ∗1 + Λ∗1) is a non-regular trivial PV, it has no relative invariant. As we saw in
the proof of Theorem 6.6, (GL21 × SL5 × SL2,Λ2 ⊗ Λ1 + Λ∗1 ⊗ 1) has no relative invariant ei-
ther. Hence the character of any irreducible relative invariant is of the form αm11 α
m2
2 α
m3
3 with
mi  1 for 1  i  3. Since m2 = 1 or m3 = 1 for χi(g), the polynomial Pi(v) (1  i  3) is
irreducible. 
Define a map ψ : Alt5 ⊕Alt5 ⊕Alt5 → Sym3 by ψ(X1,X2,X3)= (ψij (X1,X2,X3)), where⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ11(X1,X2,X3)= 2〈β(X1,X1)|X3|β(X1,X2)〉,
ψ12(X1,X2,X3)=ψ21(X1,X2,X3)= 〈β(X1,X1)|X3|β(X2,X2)〉,
ψ13(X1,X2,X3)=ψ31(X1,X2,X3)= 〈β(X3,X3)|X2|β(X1,X1)〉,
ψ22(X1,X2,X3)= 2〈β(X2,X2)|X1|β(X2,X3)〉,
ψ23(X1,X2,X3)=ψ32(X1,X2,X3)= 〈β(X2,X2)|X1|β(X3,X3)〉,
ψ33(X1,X2,X3)= 2〈β(X3,X3)|X2|β(X3,X1)〉.
(6.7)
Proposition 6.8. [O, Lemmas 3.2 and 3.3, Theorem 3.4] The map ψ : Alt5 ⊕Alt5 ⊕Alt5 →
Sym3 is surjective and, for A ∈ SL5 and B ∈ GL3, it satisfies
ψ
((
AX1
tA,AX2
tA,AX3
tA
)
tB
)= detB ·Bψ(X1,X2,X3)tB. (6.8)
Moreover, (GL3,2Λ1,Sym3) is the quotient of (SL5 × GL3,Λ2 ⊗ Λ1,M10,3) with ψ :M10,3 =
Alt5 ⊕Alt5 ⊕Alt5 → Sym3.
Theorem 6.9. The fundamental relative invariants of
(7a)
(
GL21 × SL5 × SL3,Λ2 ⊗Λ1 + 1 ⊗Λ1
)
are given by
P1(v)= detψ(X1,X2,X3)↔ χ1(g)= α151 ,
P2(v)= det
(
ψ(X1,X2,X3) y
ty 0
)
↔ χ2(g)= α101 α22,
where ψ(X1,X2,X3) is as given in (6.7) with g = (α1, α2;A,B) ∈ GL21 × SL5 × SL3, v =
((X1,X2,X3),y) ∈ (Alt5 ⊕Alt5 ⊕Alt5)⊕ Aff3. The action is given by
v = ((X1,X2,X3),y) → ((α1AX1tA,α1AX2tA,α1AX3tA)tB,α2By).
Proof. By Proposition 6.8 and Theorem 1.13, (GL21 ×SL3,2Λ1 ⊕Λ1,Sym3 ⊕Aff3) is a quotient
of (7a). Then by Theorem 1.11 and Proposition 3.1, we obtain our result. 
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(7b)
(
GL21 × SL5 × SL3,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
are given by
P1(v)= detψ(X1,X2,X3)↔ χ1(g)= α151 ,
P2(v)= tyψ(X1,X2,X3)y ↔ χ2(g)= α51α22,
where ψ(X1,X2,X3) is as given in (6.7) with g = (α1, α2;A,B) ∈ GL21 × SL5 × SL3, v =
((X1,X2,X3),y) ∈ (Alt5 ⊕Alt5 ⊕Alt5) ⊕Aff3. The action is given by
v = ((X1,X2,X3),y) → ((α1AX1tA,α1AX2tA,α1AX3tA)tB,α2tB−1y).
Proof. By Proposition 6.8 and Theorem 1.13, (GL21 ×SL3,2Λ1 ⊕Λ∗1,Sym3 ⊕Aff3) is a quotient
of (7b). Then by Theorem 1.11 and Proposition 3.3, we obtain our result. 
Lemma 6.11. There exists a surjective map ψm :Mm,m−1 → Affm satisfying
ψm
(
AXtB
)= detA · detB · tA−1ψm(X) ((A,B) ∈ GLm × GLm−1) (6.9)
for m 2. In particular, we have ψ10 : Alt⊕95 → Alt5 satisfying
ψ10
((
AX1
tA, . . . ,AX9
tA
)
tB
)= tA−1ψ10(X1, . . . ,X9)A−1 (6.10)
((A,B) ∈ SL5 × SL9).
Proof. Define a natural map wm :Mm,m−1 →Λm−1 Affm by ψm(X)= x1 ∧ · · · ∧xm−1 for X =
(x1| · · · |xm−1) ∈ Mm,m−1. Then we have wm(AXtB) = detB · Λm−1(A)ψm(X) for (A,B) ∈
GLm × GLm−1. Now let ψm = ϕm ◦ wm be the composition of this wm and ϕm :Λm−1 Affm →
Affm in Lemma 5.9. Then we have our result by Lemma 5.9. Surjectivity of ψm is obtained from
(6.9) since Affm \{0} is a single GLm-orbit. If we identify Alt5 with Aff10, we have the latter
result. 
Theorem 6.12. The fundamental relative invariant of
(9)
(
GL21 × SL5 × SL9,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
is given by
P1(v)= t δ
(
(X1, . . . ,X9)y
) · δ(ψ10(X1, . . . ,X9))↔ χ1(g)= α201 α22,
where δ(X) is as given in (6.2) and ψ10(X1, . . . ,X9) is given in Lemma 6.11 with g =
(α1, α2;A,B) ∈ GL21 × SL5 × SL9, v = ((X1, . . . ,X9),y) ∈ Alt⊕95 ⊕Aff9. The action is given
by
v = ((X1, . . . ,X9),y) → ((α1AX1tA, . . . , α1AX9tA)tB,α2tB−1y).
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regular PV with unique irreducible relative invariant by Proposition 1.6. By (6.3) and (6.10), we
have
δ
(
ψ10
((
α1AX1
tA, . . . , α1AX9
tA
)
tB
))= α181 Aδ(ψ10(X1, . . . ,X9)), (6.11)
δ
((
α1AX1
tA, . . . , α1AX9
tA
)
tB · α2tB−1y
)= α21α22 · tA−1δ((X1, . . . ,X9)y). (6.12)
By (6.11) and (6.12), we have the relative invariance of P1(v). Now we take a point
v(y)= (12,13,14,15 + 24,23,25,34,35,45;y),
where ij denotes ui ∧ uj and y = t (y1, . . . , y9). Then we have
P1
(
v(y)
)= −4(y24 − y3y6 + y1y9),
and hence P1(v) is not identically zero. The form of the character χ1 shows that if P1(v) is not
irreducible, there exists a polynomial G(v) satisfying P(v) = G(v)2. However, since P1(v(y))
is not equal to H(y)2 for any polynomial H(y), this is a contradiction. Hence we see that P1(v)
is irreducible. 
7. Relative invariants related to Spin10
In this section, we construct the relative invariants of (39a)–(44) except (40) which is given
in [KMKK2]. We see that (34)–(38) reduces to the known case (see Theorem 8.1). An element
of the representation space Ve of the even half-spin representation Λ′ of Spin10 can be written
uniquely as
x = x0 +
∑
1i<j5
xij eiej +
5∑
i=1
x∗i e∗i ,
where ei ∧ e∗i = e1 ∧ · · · ∧ e5. Here we write eiej = ei ∧ ej and eiej ekel = e1 ∧ ej ∧ ek ∧ el and
hence we have e∗1 = e2e3e4e5, e∗2 = −e1e3e4e5, etc. Let
fi(x)=
5∑
k=1
xikx
∗
k with xik = −xki (i = 1, . . . ,5),
fi+5(x)= x0x∗i + (−1)i Pf
(
X(i)
)
(i = 1, . . . ,5)
be the spinor invariants where X = (xij ) ∈ Alt5 and X(i) ∈ Alt4 is the alternating matrix obtained
from X by deleting the ith row and column (1 i  5). Put
f (x)= t(f1(x), . . . , f10(x)) ∈ Aff10, (7.1)
β(x, y)= f (x + y)− f (x)− f (y). (7.2)
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(O I5
I5 O
)
be the vector representation of Spin10. Then it is
known (cf. [C]) that f :Ve → Aff10 and the bilinear form β :Ve × Ve → Aff10 satisfy
f
(
Λ′(A)x
)= χ(A)f (x), (7.3)
β
(
Λ′(A)x,Λ′(A)y
)= χ(A)β(x, y) (A ∈ Spin10). (7.4)
The following result was first obtained by [Kw]. See also [G1,O].
Proposition 7.1. The irreducible relative invariant of an irreducible PV
(GL1 × Spin10 × SL2,Λ′ ⊗Λ1,Ve ⊕ Ve)
is given by
P(v)= t β(x, y)Kβ(x, y)↔ χ(g)= α4,
where g = (α,A,B) ∈ GL1 × Spin10 × SL2 and v = (x, y) ∈ Ve ⊕ Ve. The action is given by
v = (x, y) → (αΛ′(A)x,αΛ′(A)y)tB.
By this proposition, we obtain the relative invariants of (34)–(38) (see Theorem 8.1).
Proposition 7.2. [O, Theorem 4.3] Define a map ψ :Ve ⊕ Ve ⊕ Ve → Sym3 by ψ = (ψij )
with ψij (v) = (−1)δij · t bi(v)Kbj (v) where bi(v) = β(xj , xk) with {i, j, k} = {1,2,3} for
v = (x1, x2, x3) ∈ Ve ⊕ Ve ⊕ Ve and K =
(O I5
I5 O
)
. Then ψ is surjective and, for (α,A,B) ∈
GL1 × Spin10 × SL3, it satisfies
ψ
((
αΛ′(A)x1, αΛ′(A)x2, αΛ′(A)x3
)
tB
)= α4 · tB−1ψ(x1, x2, x3)B−1. (7.5)
Moreover, (GL3, (2Λ1)∗,Sym3) is the quotient of (Spin10 ×GL3,Λ′ ⊗Λ1,Ve⊕Ve⊕Ve) with ψ .
Theorem 7.3. The fundamental relative invariants of
(39a)
(
GL21 × Spin10 × SL3,Λ′ ⊗Λ1 + 1 ⊗Λ1
)
are given by
P1(v)= detψ(x1, x2, x3)↔ χ1(g)= α121 ,
P2(v)= tyψ(x1, x2, x3)y ↔ χ2(g)= α41α22,
where ψ(x1, x2, x3) is as given in Proposition 7.2 with g = (α1, α2;A,B) ∈ GL21 ×Spin10 ×SL3,
v = ((x1, x2, x3),y) ∈ Ve ⊕ Ve ⊕ Ve ⊕ Aff3. The action is given by
v = ((x1, x2, x3),y) → ((α1Λ′(A)x1, α1Λ′(A)x2, α1Λ′(A)x3)tB,α2By).
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(GL21 × SL3, (2Λ1)∗ ⊕Λ1,Sym3 ⊕Aff3) is the quotient of (39a), and hence we obtain our result
by Theorem 1.11 and Proposition 3.3. 
Theorem 7.4. The fundamental relative invariants of
(39b)
(
GL21 × Spin10 × SL3,Λ′ ⊗Λ1 + 1 ⊗Λ∗1
)
are given by
P1(v)= detψ(x1, x2, x3)↔ χ1(g)= α121 ,
P2(v)= det
(
ψ(x1, x2, x3) y
ty 0
)
↔ χ2(g)= α81α22,
where ψ(x1, x2, x3) is as given in Proposition 7.2 with g = (α1, α2;A,B) ∈ GL21 ×Spin10 ×SL3,
v = ((x1, x2, x3),y) ∈ Ve ⊕ Ve ⊕ Ve ⊕ Aff3. The action is given by
v = ((x1, x2, x3),y) → ((α1Λ′(A)x1, α1Λ′(A)x2, α1Λ′(A)x3)tB,α2tB−1y).
Proof. By Theorem 1.13 and Proposition 7.2, (GL21 × SL3,2Λ1 ⊕ Λ1,Sym3 ⊕Aff3) ∼=
(GL21 × SL3, (2Λ1)∗ ⊕Λ∗1,Sym3 ⊕Aff3) is the quotient of (39b), and hence we obtain our result
by Theorem 1.11 and Proposition 3.1. 
Theorem 7.5. The fundamental relative invariant of
(41)
(
GL21 × Spin10 × SL15,Λ′ ⊗Λ1 + 1 ⊗Λ∗1
)
is given by
P1(v)= t f
(
(x1, . . . , x15)y
)
f
(
ψ16(x1, . . . , x15)
)↔ χ1(g)= α321 α22,
where f (x) is as given in (7.1) and ψ16 :Ve ⊕ · · · ⊕ Ve = M16,15 → Aff16 = Ve is given in
Lemma 6.11 with g = (α1, α2;A,B) ∈ GL21 × Spin10 × SL15, v = ((x1, . . . , x15),y) ∈ V⊕15e ⊕
Aff15. The action is given by
v = ((x1, . . . , x15),y) → ((α1Λ′(A)x1, . . . , α1Λ′(A)x15)tB,α2tB−1y).
Proof. Since the generic isotropy subgroup is locally isomorphic to GL1 × SL4, the rank of this
PV is 1 by Proposition 1.6. By (6.9) and (7.3), we have
f
((
α1Λ
′(A)x1, . . . , α1Λ′(A)x15
)
tB · α2tB−1y
)= α21α22χ(A)f ((x1, . . . , x15)y),
f
(
ψ16
((
α1Λ
′(A)x1, . . . , α1Λ′(A)x15
)
tB
))= α301 χ(A)−1f (ψ16(x1, . . . , x15))
and hence we have its relative invariance. For a point
v(y)= ((15,25,35,45, e∗1, e∗2, e∗3, e∗4,−1 + e∗5,12,13,14,−34,24,−23),y),
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not identically zero. If P1(v) is not irreducible, we have P1(v)=G(v)2 for some G(v) by seeing
χ1(g). Then P1(v(y))=G(v(y))2 which is a contradiction. Hence P1(v) is irreducible. 
Theorem 7.6. The fundamental relative invariants of
(42)–(44)
(
GL21 × Spin10 × SLm,χ ⊗Λ1 +Λ′ ⊗ 1
)
(m= 2,3,4)
are given by
P1(v)= det tXKX ↔ χ1(g)= α2m1 ,
P2(v)= det
(
tXKX tXKf (y)
t (tXKf (y)) 0
)
↔ χ2(g)= α2m1 α42,
where f (y) is as given in (7.1) and K = (O I5
I5 O
)
with g = (α1, α2;A,B) ∈ GL21 × Spin10 × SLm,
v = (X,y) ∈M10,m ⊕ Ve . The action is given by
v = (X,y) → (α1AXtB,α2Λ′(A)y).
Proof. Since P1(v) is the same as P1(v) in Theorem 3.2, it is irreducible. Suppose that P1(v) |
P2(v). Then the quotient corresponds to the character α42 and is a relative invariant of (GL1 ×
Spin10,Λ′,Ve). By [SK, Proposition 31 in §5], this PV has no relative invariant and hence P1(v)
does not divide P2(v). Now the form of the character χ2 shows that if P2(v) is not irreducible,
then there exists a polynomial G(v) satisfying P2(v)=G(v)2. However, for
v˜ =
⎧⎪⎪⎨
⎪⎪⎩
((x1e
(10)
1 , x6e
(10)
6 ), y0 + y12e1e2 + y∗1e∗1 + y∗2e∗2) (m= 2),
((x1e
(10)
1 , x6e
(10)
6 , x3e
(10)
3 + x8e(10)8 ), y0 + y12e1e2 + y∗1e∗1 + y∗2e∗2) (m= 3),
((x1e
(10)
1 , x6e
(10)
6 , x3e
(10)
3 , x8e
(10)
8 ), y0 + y12e1e2 + y∗1e∗1 + y∗2e∗2) (m= 4),
we have
P2(v˜)=
⎧⎪⎨
⎪⎩
2x21x
2
6y0y12y
∗
1y
∗
2 (m= 2),
4x21x3x
2
6x8y0y12y
∗
1y
∗
2 (m= 3),
−2x21x33x26x28y0y12y∗1y∗2 (m= 4)
and hence this is impossible. Therefore, we see that P2(v) is not identically zero, and irre-
ducible. 
8. The remaining cases
Theorem 8.1. We have the following relations and hence the fundamental relative invariants of
2-simple PVs of the left-hand side are explicitly constructed (see Notation 1.3 and Remark 1.5).
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(11) ⊂ (Spm × SL2,Λ1 ⊗Λ1)′ ⊕ (SO3,Λ1)′ (see Proposition 4.1).
(12) ⊂ (Spm × SL2,Λ1 ⊗Λ1)′ ⊕ (SL2,3Λ1)′ (see [SK]).
(13) ⊂ (Spm × SL2,Λ1 ⊗Λ1)′ ⊕ (SL2,2Λ1 ⊕Λ1)′ (see Proposition 3.1).
(13′) ⊂ (Spm × SL2,Λ1 ⊗Λ1)′ ⊕ (SL2,Λ1 ⊕Λ1 ⊕Λ1)′ (see [K2, p. 94]).
(17)  (18).
(21) ⊂ (20a) with (m,n)= (8,2).
(22a) ⊂ (20a) with (m,n)= (8,3).
(22b) ⊂ (20b) with (m,n)= (8,3).
(23) ⊂ (20b) with (m,n)= (8,6).
(24) ⊂ (20b) with (m,n)= (8,7).
(25)  (26).
(26) ⊂ ((20a) with (m,n)= (7,2))⊕ (SO8,Λ1)′.
(27) ⊂ ((20b) with (m,n)= (7,6))⊕ (SO8,Λ1)′.
(28)  (30).
(29)  (31a).
(30) ⊂ ((20a) with (n,m)= (8,2))⊕ (SO8,Λ1)′.
(31a) ⊂ ((20a) with (n,m)= (8,3))⊕ (SO8,Λ1)′.
(31b) ⊂ ((20b) with (m,n)= (8,3))⊕ (SO8,Λ1)′.
(32) ⊂ ((20b) with (m,n)= (8,6))⊕ (SO8,Λ1)′.
(33) ⊂ ((20b) with (m,n)= (8,7))⊕ (SO8,Λ1)′.
(34) ⊂ (Spin10 × SL2,Λ′ ⊗Λ1)′ ⊕ (SL2,2Λ1)′.
(35) ⊂ (Spin10 × SL2,Λ′ ⊗Λ1)′ ⊕ (SL2,3Λ1)′.
(36) ⊂ (Spin10 × SL2,Λ′ ⊗Λ1)′ ⊕ (SL2,Λ1 ⊕Λ1)′.
(37) ⊂ (Spin10 × SL2,Λ′ ⊗Λ1)′ ⊕ (SL2,2Λ1 ⊕Λ1)′.
(38) ⊂ (Spin10 × SL2,Λ′ ⊗Λ1)′ ⊕ (SL2,Λ1 ⊕Λ1 ⊕Λ1)′.
(45) ⊂ (20a) with (m,n)= (7,2).
(46) ⊂ (20b) with (m,n)= (7,6).
Proof. Using Λ(Spin7) ⊂ Λ′(Spin8) ∼= SO8 and Λ2((G2)) ⊂ SO7, we obtain our result by
Propositions 1.2 and 1.4. 
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degP of a relative invariant P(v) corresponding to the character χ(g)= αm1j1 · · ·α
mk
jk
is given by
degP(v)= (m1 + · · · +mk) (see Proposition 1.6).
Theorem 8.2. The characters of the relative invariants of the 2-simple PVs in Proposition 2.4
are given as follows:
(1)
(
GL21 × SL4 × SL2,Λ2 ⊗Λ1 +Λ1 ⊗Λ1
)
.
χ1(g)= α41, χ2(g)= α41α42 .
(2)
(
GL31 × SL4 × SL2,Λ2 ⊗Λ1 + (Λ1 +Λ1)⊗ 1
)
.
χ1(g)= α41, χ2(g)= α41α22α23 .
(3)
(
GL21 × SL4 × SL3,Λ2 ⊗Λ1 +Λ1 ⊗ 1
)
.
χ1(g)= α61, χ2(g)= α31α22 .
(4a)
(
GL31 × SL4 × SL3,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ1
)
.
χ1(g)= α61, χ2(g)= α31α22, χ3(g)= α41α23 .
(4b)
(
GL31 × SL4 × SL3,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ∗1
)
.
χ1(g)= α61, χ2(g)= α31α22, χ3(g)= α21α23 .
(5)
(
GL31 × SL4 × SL4,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ∗1
)
.
χ1(g)= α81, χ2(g)= α21α23, χ3(g)= α51α22α3.
(6a)
(
GL31 × SL5 × SL2,Λ2 ⊗Λ1 +
(
Λ∗1 +Λ1
)⊗ 1).
χ1(g)= α2α3, χ2(g)= α41α23, χ3(g)= α81α22α3.
(6b)
(
GL31 × SL5 × SL2,Λ2 ⊗Λ1 +
(
Λ∗1 +Λ∗1
)⊗ 1).
χ1(g)= α41α22α3, χ2(g)= α41α2α23, χ3(g)= α61α2α3.
(7a)
(
GL21 × SL5 × SL3,Λ2 ⊗Λ1 + 1 ⊗Λ1
)
.
χ1(g)= α151 , χ2(g)= α101 α22 .
(7b)
(
GL21 × SL5 × SL3,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α151 , χ2(g)= α51α22 .
(8)
(
GL21 × SL5 × SL8,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α201 α42, χ2(g)= α251 α2, see [KMKK2].
(9)
(
GL21 × SL5 × SL9,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α201 α22 .
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(
GL31 × Spm × SL2l ,Λ1 ⊗Λ1 + 1 ⊗ (Λ1 +Λ1)
) (1
2
(m+ 1) > l  1
)
.
χ1(g)= α2l1 , χ2(g)= α2l−21 α2α3.
(10b)
(
GL31 × Spm × SL2l ,Λ1 ⊗Λ1 + 1 ⊗
(
Λ1 +Λ∗1
))
(m > l  1).
χ1(g)= α2l1 , χ2(g)= α2α3.
(10c)
(
GL31 × Spm × SL2l ,Λ1 ⊗Λ1 + 1 ⊗
(
Λ∗1 +Λ∗1
))
(m > l  1).
χ1(g)= α2l1 , χ2(g)= α21α2α3.
(11)
(
GL21 × Spm × SL2,Λ1 ⊗Λ1 + 1 ⊗ 2Λ1
)
(m > 1).
χ1(g)= α2l1 , χ2(g)= α22 .
(12)
(
GL21 × Spm × SL2,Λ1 ⊗Λ1 + 1 ⊗ 3Λ1
)
(m > 1).
χ1(g)= α2l1 , χ2(g)= α42 .
(13)
(
GL31 × Spm × SL2,Λ1 ⊗Λ1 + 1 ⊗ (2Λ1 +Λ1)
)
(m > 1).
χ1(g)= α2l1 , χ2(g)= α22, χ3(g)= α2α23 .
(13′)
(
GL41 × Spm × SL2,Λ1 ⊗Λ1 + 1 ⊗ (Λ1 +Λ1 +Λ1)
)
(m 2).
χ1(g)= α2l1 , χ2(g)= α2α3, χ3(g)= α3α4, χ4(g)= α2α4.
(14)
(
GL21 × Spm × SL2l+1,Λ1 ⊗Λ1 +Λ1 ⊗ 1
)
(m > l  1).
χ1(g)= α2l+11 α2.
(15a)
(
GL41 × Spm × SL2l+1,Λ1 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗ (Λ1 +Λ1)
)
(m > l  1).
χ1(g)= α2l+11 α2, χ2(g)= α2l+11 α3, χ3(g)= α2l+11 α4, χ4(g)= α2l+11 α2α3α4.
(15b)
(
GL41 × Spm × SL2l+1,Λ1 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗
(
Λ∗1 +Λ∗1
))
(m > l  1).
χ1(g)= α2l+11 α2, χ2(g)= α1α2α3, χ3(g)= α1α2α4, χ4(g)= α21α3α4.
(16)
(
GL31 × Sp2 × SL3,Λ1 ⊗Λ1 +Λ2 ⊗ 1 + 1 ⊗Λ∗1
)
.
χ1(g)= α22, χ2(g)= α41α2α3.
(17)
(
GL21 × Sp2 × SL2,Λ2 ⊗Λ1 +Λ1 ⊗ 1
)
.
χ1(g)= α41, χ2(g)= α21α22 .
(18)
(
GL31 × Sp2 × SL2,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ1
)
.
χ1(g)= α41, χ2(g)= α21α22, χ3(g)= α21α23 .
(19)
(
GL31 × Sp2 × SL4,Λ2 ⊗Λ1 +Λ1 ⊗ 1 + 1 ⊗Λ∗1
)
.
χ1(g)= α81, χ2(g)= α21α23, χ3(g)= α51α22α3.
(20a)
(
GL21 × SOm × SLn,Λ1 ⊗Λ1 + 1 ⊗Λ1
)
(m > n 2).
χ1(g)= α2n1 , χ2(g)= α2(n−1)α22 .1
T. Kimura et al. / Journal of Algebra 308 (2007) 445–483 481(20b)
(
GL21 × SOm × SLn,Λ1 ⊗Λ1 + 1 ⊗Λ∗1
)
(m > n 2).
χ1(g)= α2n1 , χ2(g)= α21α22 .
(21)
(
GL21 × Spin7 × SL2,Λ⊗Λ1 + 1 ⊗Λ1
)
.
χ1(g)= α41, χ2(g)= α21α22 .
(22a)
(
GL21 × Spin7 × SL3,Λ⊗Λ1 + 1 ⊗Λ1
)
.
χ1(g)= α61, χ2(g)= α41α22 .
(22b)
(
GL21 × Spin7 × SL3,Λ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α61, χ2(g)= α21α22 .
(23)
(
GL21 × Spin7 × SL6,Λ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α121 , χ2(g)= α21α22 .
(24)
(
GL21 × Spin7 × SL7,Λ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α141 , χ2(g)= α21α22 .
(25)
(
GL21 × Spin7 × SL2, χ ⊗Λ1 +Λ⊗ 1
)
.
χ1(g)= α41, χ2(g)= α22 .
(26)
(
GL31 × Spin7 × SL2, χ ⊗Λ1 +Λ⊗ 1 + 1 ⊗Λ1
)
.
χ1(g)= α41, χ2(g)= α22, χ3(g)= α21α23 .
(27)
(
GL31 × Spin7 × SL6, χ ⊗Λ1 +Λ⊗ 1 + 1 ⊗Λ∗1
)
.
χ1(g)= α121 , χ2(g)= α22, χ3(g)= α21α23 .
(28)
(
GL21 × Spin8 × SL2, χ ⊗Λ1 +Λ′ ⊗ 1
)
.
χ1(g)= α41, χ2(g)= α22 .
(29)
(
GL21 × Spin8 × SL3, χ ⊗Λ1 +Λ′ ⊗ 1
)
.
χ1(g)= α61, χ2(g)= α22 .
(30)
(
GL31 × Spin8 × SL2, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ1
)
.
χ1(g)= α41, χ2(g)= α22, χ3(g)= α21α23 .
(31a)
(
GL31 × Spin8 × SL3, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ1
)
.
χ1(g)= α61, χ2(g)= α22, χ3(g)= α41α23 .
(31b)
(
GL31 × Spin8 × SL3, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ∗1
)
.
χ1(g)= α61, χ2(g)= α22, χ3(g)= α21α23 .
(32)
(
GL31 × Spin8 × SL6, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ∗1
)
.
χ1(g)= α121 , χ2(g)= α22, χ3(g)= α21α23 .
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(
GL31 × Spin8 × SL7, χ ⊗Λ1 +Λ′ ⊗ 1 + 1 ⊗Λ∗1
)
.
χ1(g)= α141 , χ2(g)= α22, χ3(g)= α21α23 .
(34)
(
GL21 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ 2Λ1
)
.
χ1(g)= α41, χ2(g)= α22 .
(35)
(
GL21 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ 3Λ1
)
.
χ1(g)= α41, χ2(g)= α42 .
(36)
(
GL31 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ (Λ1 +Λ1)
)
.
χ1(g)= α41, χ2(g)= α2α3.
(37)
(
GL31 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ (2Λ1 +Λ1)
)
.
χ1(g)= α41, χ2(g)= α22, χ3(g)= α2α23 .
(38)
(
GL41 × Spin10 × SL2,Λ′ ⊗Λ1 + 1 ⊗ (Λ1 +Λ1 +Λ1)
)
.
χ1(g)= α41, χ2(g)= α2α3, χ3(g)= α3α4, χ4(g)= α2α4.
(39a)
(
GL21 × Spin10 × SL3,Λ′ ⊗Λ1 + 1 ⊗Λ1
)
.
χ1(g)= α121 , χ2(g)= α41α22 .
(39b)
(
GL21 × Spin10 × SL3,Λ′ ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α121 , χ2(g)= α81α22 .
(40)
(
GL21 × Spin10 × SL14,Λ′ ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α281 , χ2(g)= α321 α42, see [KMKK2].
(41)
(
GL21 × Spin10 × SL15,Λ′ ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α321 α22 .
(42)
(
GL21 × Spin10 × SL2, χ ⊗Λ1 +Λ′ ⊗ 1
)
.
χ1(g)= α41, χ2(g)= α41α42 .
(43)
(
GL21 × Spin10 × SL3, χ ⊗Λ1 +Λ′ ⊗ 1
)
.
χ1(g)= α61, χ2(g)= α61α42 .
(44)
(
GL21 × Spin10 × SL4, χ ⊗Λ1 +Λ′ ⊗ 1
)
.
χ1(g)= α81, χ2(g)= α81α42 .
(45)
(
GL21 × (G2)× SL2,Λ2 ⊗Λ1 + 1 ⊗Λ1
)
.
χ1(g)= α41, χ2(g)= α21α22 .
(46)
(
GL21 × (G2)× SL6,Λ2 ⊗Λ1 + 1 ⊗Λ∗1
)
.
χ1(g)= α121 , χ2(g)= α21α22 .
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